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Abstract

Self-normalized processes arise naturally in many statistical tasks. While self-
normalized concentration has been extensively studied for scalar-valued processes, there
is less work on multidimensional processes outside of the sub-Gaussian setting. In this
work, we construct a general, self-normalized inequality for Rd-valued processes that
satisfy a simple yet broad “sub-ψ” tail condition, which generalizes assumptions based
on cumulant generating functions. From this general inequality, we derive an upper
law of the iterated logarithm for sub-ψ vector-valued processes, which is tight up to
small constants. We demonstrate applications in prototypical statistical tasks, such
as parameter estimation in online linear regression and auto-regressive modeling, and
bounded mean estimation via a new (multivariate) empirical Bernstein concentration
inequality.

1 Introduction

Concentration inequalities are employed in many disparate mathematical fields. In partic-
ular, time-uniform martingale concentration has proven itself a critcal tool in advancing
research areas such as multi-armed bandits [35, 2, 42], differential privacy [60, 59], Bayesian
learning [14], and online convex optimization [43, 34]. While martingale concentration in-
equalities have historically been proved in a largely case-by-case manner, recently Howard
et al. [31] provided a unified framework for constructing time-uniform concentration inequal-
ities. By introducing a single “sub-ψ” assumption that carefully controls the tail behavior of
martingale increments, Howard et al. [31, 32] prove a master theorem that recovers (in fact
improves) many classical examples of concentration inequalities, for example those of Black-
well [10], Hoeffding [30], Freedman [28], Azuma [6], de la Peña et al. [20].

Despite the generality of the framework of Howard et al. [31, 32], their results have not
been extended to understanding the growth of “self-normalized” vector-valued processes. If
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(St)t≥0 is a process evolving in Rd and (Vt)t≥0 is a process of d× d positive semi-definite ma-
trices measuring the “accumulated variance” of (St)t≥0, self-normalized concentration aims

to control the growth of the normalized process (∥V −1/2
t St∥)t≥0. Self-normalized processes

naturally arise in a variety of common statistical tasks, examples of which include regres-
sion problems [40, 41, 8] and contextual bandit problems [2, 12]. As such, any advances in
self-normalized concentration for vector-valued processes could directly yield improvements
in methodology and analysis of foundational statistical algorithms.

In this work, we provide a new, general approach for constructing self-normalized concen-
tration inequalities. By naturally generalizing the sub-ψ condition of Howard et al. [31, 32]
to d-dimensional spaces, we are able to construct a single “master” theorem that provides
time-uniform, self-normalized concentration under a variety of noise settings. We prove our
results by first constructing a time-uniform concentration inequality for scalar-valued pro-
cesses that non-asymptotically matches law of the iterated logarithm and then extending
this result to higher dimensions using a geometric argument. From our inequality, we can
derive a multivariate analogue of the famed law of the iterated logarithm, which we show
to be essentially tight. Lastly, we apply our inequality to common statistical tasks, such
as calibrating confidence ellipsoids in online linear regression, estimating model parame-
ters in vector auto-regressive models, and estimating a bounded mean via a new “empirical
Bernstein” concentration inequality.

1.1 Related Work and History

Martingale concentration arguably originated in the work of Ville [56], who showed that the
growth of non-negative supermartingales can be controlled uniformly over time. This result,
now known commonly referred to as Ville’s inequality, acts as a time-uniform generalization
of Markov’s inequality [26]. This result was later extended to submartingale concentration
by Doob [24] in an eponymous result, now called Doob’s maximal inequality. From these two
inequalities, a variety of now classical martingale concentration inequalities were proved, such
as Azuma’s inequality [6], which serves as a time-uniform, martingale variant of Hoeffding’s
inequality [30] for bounded random variables, and Freedman’s inequality [28], which serves as
a martingale variant of Bennett’s inequality [7] for sub-Poisson, bounded random variables.

Of particular note are the various self-normalized inequalities of de la Peña [22, 20, 21, 23],
which provide time-uniform control of the growth of a process (St)t≥0 in terms of an asso-
ciated accumulated variance process (Vt)t≥0. In particular, the authors derive their results
using a technique first presented by Robbins called the method of mixtures [18, 17], which
involves integrating over a family of parameterized exponential supermartingales to obtain
significantly tighter (in terms of asymptotic behavior) inequalities than those mentioned
earlier. Bercu and Touati [8] also investigate self-normalized concentration in the style of
de la Peña, deriving bounds when the increments of (St)t≥0 may exhibit asymmetric heavy-
tailed behavior and, in later work, [9] study the effects of weighing predictable and empirical
quadratic variation processes in deriving self-normalized concentration results.

Recently, Howard et al. [31] presented a single “master” theorem that ties together much
of the literature surrounding scalar-valued concentration (self-normalized or not). Inspired by
the classical Cramer-Chernoff method (see Boucheron et al. [11] for instance), which provides
high probability tail bounds for a random variable X in terms of its cumulant generating
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function (or CGF) ψ, the authors present a unified “sub-ψ” condition on a stochastic process.
This condition relates the growth of a process (St)t≥0 to some corresponding accumulated
variance process (Vt)t≥0 through a function ψ which obeys many similar properties to a
CGF. In particular, the authors prove “line-crossing” inequalities for sub-ψ processes, giving
a bound on the probability that (St)t≥0 will ever cross a line parameterized by ψ and the
accumulated variance (Vt)t≥0. By strategically picking ψ and (Vt)t≥0, the master theorem in
Howard et al. [31] can be used to reconstruct, unify and even improve a variety of existing
self-normalized concentration inequalities (such as those in the preceding paragraph), as
well as to prove several new ones. Using these ideas in a followup work, Howard et al. [32]
prove a time-uniform concentration inequality for scalar-valued processes whose rate non-
asymptotically matches the law of the iterated logarithm (LIL) [26]. The only caveat to this
result is that the concentration inequality only applies to sub-ψ processes when ψ is either
the CGF of a sub-Gaussian (denoted ψN) or sub-Gamma (denoted ψG,c) random variable.
While any CGF-like function ψ function can be bounded by aψG,c for some choice of a, c > 0
(see Proposition 1 of Howard et al. [32]), this conversion could in general result in loose
constants. As a stepping stone toward proving our multivariate concentration inequalities,
we generalize the non-asymptotic LIL results of Howard et al. [32] to arbitrary sub-ψ process,
greatly increasing the applicability of the obtained results.

To the best of our knowledge, there are relatively few existing results on the self-
normalized concentration of vector-valued processes. De la Peña [22] leverage the above-
mentioned method of mixtures alongside Ville’s inequality to bound the probability that
the self-normalized random vector V

−1/2
t St ∈ Rd belongs to some mixture-dependent con-

vex set. These bounds are, in particular, not closed form, and their asymptotic rate of
growth is unclear. Our bounds, instead, directly provide time-uniform bounds on the pro-
cess (∥V −1/2

t St∥)t≥0 in terms of relatively simple function of the variance process (Vt)t≥0. In
particular, we use our bounds to derive a multivariate law of the iterated logarithm that
is tight in terms of dependence on Vt and the ambient dimension d up to small, absolute,
known constants. While de la Peña et al. [21, 22] do provide an asymptotic LIL for vector
processes, it hides an unknown constant and lacks explicit dependence on the dimension d.

In the case where the increments of (St)t≥0 satisfy a sub-Gaussian condition, significantly
more is known about vector-valued self-normalized concentration. Abbasi-Yadkori et al.
[2] provide a clean bound on ∥V −1/2

t St∥ in terms of log det(Vt) using an argument that
directly follows from an earlier, method-of-mixtures based argument of de la Peña et al.
[21]. First, our bounds are significantly more general than those of Abbasi-Yadkori et al. [2]
and de la Peña et al. [21], because ours apply to general sub-ψ processes. Additionally, our
bounds grow proportionally to log log γmax(Vt) and log κ(Vt) (γmax and κ represent maximum
eigenvalue and condition number respectively, defined later). Thus, even in the setting of
sub-Gaussian increments with predictable covariance, our results are not directly comparable
in general. We believe deriving log-determinant rate inequalities for general sub-ψ processes
is an interesting open problem, but leave it for future work.

There exist other concentration inequalities for vector-valued data that are not directly
related to the self-normalized bounds presented in this paper. First, there are several ex-
isting time-uniform concentration results for Banach space-valued martingales [46, 47, 31].
These results are obtained by placing a smoothness assumption on the norm of the Banach
space, and in turn provide time-uniform control on the norm of the martingale. We note
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that although we are working in a Banach space, we are not trying to control the norm
of the underlying process ∥St∥, and instead want to control the self-normalized quantity∥∥∥V −1/2

t St

∥∥∥. In particular, the process (V
−1/2
t St)t≥0 is not in general a martingale, so the

above results cannot be directly applied. Second, there are many concentration results that
involve bounding the operator norm of Hermitian matrix-valued martingales using the ma-
trix Chernoff method [5, 13, 54, 55]. Once again, it does not seem like these bounds for
matrix-valued processes can be readily applied to obtain vector-valued concentration of the
form presented in this paper. Third, in their work on estimating convex divergences, Manole
and Ramdas [44] derive a self-normalized concentration inequality for i.i.d. random vectors
drawn from some distribution on Rd. The form of this bound resembles that of the central
concentration inequality presented in this paper. However, we note that our result allows
for arbitrary martingale dependence between the increments of the process (St)t≥0. Further-
more, the argument used in Manole and Ramdas [44] cannot be generalized to the setting
of arbitrary dependence, as the authors derive their results using certain reverse martingale
arguments which must be conducted with respect to the exchangeable filtration generated
by a sequence of random variables, which implies the increments of (St)t≥0 must, at the very
least, be exchangeable random variables.

1.2 Our Contributions

We now provide a brief, illustrative summary of our primary contributions. For now, when
we refer to a process (St) being sub-ψ with variance proxy (Vt), the reader should think of
the increments of St having associated CGF ψ with weights proportional to Vt. This is not
precise, but will be made exact when we provide rigorous definitions of the sub-ψ condition
for both scalar and vector-valued processes in Section 2 below. We present the primary
contributions in the order they appear in the paper.

1. First, in Section 3, we show that if (St)t≥0 is a scalar (i.e. R-valued) sub-ψ process with
variance proxy (Vt)t≥0, then, with high probability, it holds that

St = O

(
Vt · (ψ∗)−1

(
1

Vt
log log(Vt)

))
for all t ≥ 0 simultaneously. In the case where ψ(λ) = ψG,c(λ) :=

λ2

2(1−cλ) is the CGF

associated with a sub-Gamma random variable (see Boucheron et al. [11]), our bound
reduces to

St = O
(√

Vt log log(Vt) + c log log(Vt)
)
.

Thus, this result can be reviewed as a direct generalization of the primary contributions
of Howard et al. [32], who only provide time-uniform, self-normalized concentration
results for sub-Gamma processes (Note that in the special case c = 0, sub-Gamma
concentration reduces to sub-Gaussian concentration).

2. Next, in Section 4, we show that if (St)t≥0 is a vector valued process that is sub-ψ with
variance proxy (Vt)t≥0, then, with high probability, simultaneously for all t ≥ 0,

∥V −1/2
t St∥ = O

(√
γmin(Vt) · (ψ∗)−1

(
1

γmin(Vt)
[log log(γmax(Vt)) + d log κ(Vt)]

))
,
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where γmin(Vt) and γmax(Vt) refer, respectively, to the minimum and maximum eigen-

values of the (proxy) covariance matrix Vt, and κ(Vt) :=
γmax(Vt)
γmin(Vt)

is the condition number

of matrix Vt. We can compare our bounds to existing results [21, 2] in the subGaussian
case where ψ(λ) = ψN(λ) :=

λ2

2
is the CGF of a standard normal random variable. In

this case, our bound simplifies to

∥V −1/2
t St∥ = O

(√
log log(γmax(Vt)) + d log κ(Vt)

)
.

Existing results on the self-normalized concentration for processes with sub-Gaussian

increments provide upper bounds of the form ∥V −1/2
t St∥ = O

(√
log det(Vt)

)
, which

are, in general, incomparable to our bounds. When κ(Vt) is small, our bounds may be
tighter, but if γmax(Vt) ≫ γmin(Vt), the determinant-based bounds may be tighter.

3. Lastly, in Sections 5 and 6, we apply our vector-valued self-normalized concentration
results to statistical tasks. In Section 5, we create non-asymptotically valid confidence
ellipsoids for estimating unknown slope parameters in online linear regression with
sub-ψ noise in observations. In particular, these results can be viewed as extending
the confidence ellipsoids of Abbasi-Yadkori et al. [2], which hold only in the sub-
Gaussian setting. We further specialize these bounds to model estimation in vector
autoregressive models (i.e. in the VAR(p) model), generalizing a result of Bercu and
Touati [8]. In Section 6, we prove a multivariate, self-normalized empirical Bernstein
inequality, generalizing a result of Howard et al. [32] to d-dimensional space.

In sum, we provide time-uniform, self-normalized concentration inequalities for both
scalar and vector-valued processes that hold under quite general noise conditions. Not only
are these bounds of theoretical interest, but they are in fact applicable to common statistical
tasks — in particular those that can be framed in the online linear regression framework.

2 Background and Sub-ψ Processes

In this section we discuss the key sub-ψ condition leveraged in deriving self-normalized
concentration results for vector-valued processes. We arrive at our vector sub-ψ condition by
extending the eponymous condition defined in the setting of scalar-valued processes [31, 32],
to high dimensional spaces. We first summarize some notation that will be used ubiquitously.

Notation: Throughout, we define N0 = {0, 1, 2, · · · } to be the set of natural numbers,
which we assume to begin at 0. We let ⟨x, y⟩ = x⊤y denote that standard Euclidean inner
product on Rd. Additionally, we let Sd−1 := {x ∈ Rd : ∥x∥ = 1} denote the unit sphere
and Bd := {x ∈ Rd : ∥x∥ ≤ 1} the unit ball in Rd. By L+(Rd), we denote the set of all
d× d positive semi-definite matrices, with Id ∈ L+(Rd) denoting the d-dimensional identity
matrix. For V ∈ L+(Rd), let γmax(V ) denote the largest eigenvalue of V , γmin(V ) the smallest
eigenvalue of V , and let

κ(V ) :=
γmax(V )

γmin(V )
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denote the condition number of V . Each such V admits a spectral decomposition of the
form V =

∑d
n=1 γn(V )vnv

⊤
n , where (γn(V ))n∈[d] is the non-increasing sequence of eigenvalues

associated with matrix V and (vn)n∈[d] is the corresponding sequence of unit eigenvectors,
which we know forms an orthonormal basis for Rd. For ρ > 0, let

V ∨ ρId :=
d∑

n=1

(γn(V ) ∨ ρ)vnv⊤n ,

where for scalars a, b ∈ R, a ∨ b := max{a, b}.
For a strictly increasing, differentiable convex function ψ : [0, λmax) → R we let ψ∗ :

[0, umax) → R≥0 denote its convex conjugate, given by ψ∗(u) := supλ∈[0,λmax) uλ − ψ(λ),
where umax := limλ↑λmax ψ

′(λ). In the sequel, we will always assume supλ∈[0,λmax) ψ
′(λ) = ∞,

and hence will have umax = ∞. Some key properties of convex conjugation are that (a) ψ∗

is convex, (b) (ψ∗)∗ = ψ, and (c) (ψ∗)′ = (ψ′)−1.
Let (Z, ρ) denote a metric space, and let T ⊂ Z. For ϵ > 0, we say that a set K ⊂ Z is

an ϵ-covering for T if, for any z ∈ T , there exists a point π(z) ∈ K satisfying ρ(z, π(z)) ≤ ϵ.
We call π : T → K a “projection” onto the covering, which maps each point in T onto
the nearest point in K (or an arbitrary one if not unique). If K ⊂ T , we call K a proper
ϵ-covering of T . We will exclusively consider proper coverings in the sequel. We define the
ϵ-covering number N(T, ϵ, ρ) of T to be the cardinality of the smallest proper ϵ-covering of
T . Any proper ϵ-covering of T obtaining this minimum will be called minimal. In the special
case (Z, ρ) = (Rd, ∥ · ∥) and T = Sd−1, we denote the ϵ-covering number of T by Nd−1(ϵ).

Lastly, if (St)t≥0 is some process evolving in a space X and t ≥ 1, we define the tth
increment of (St)t≥0 to be ∆St := St − St−1. If a filtration (Ft)t≥0 is understood from
context, we may use the notation Et[·] = E (· | Ft) for easing notational burden. By default,
we take F0 := {∅,Ω} and Ft = σ(S1, . . . , St).

Sub-ψ Processes: We now describe in more detail a condition that links the growth of
a process (St)t≥0 evolving in Rd to a corresponding “accumulated variance process” (Vt)t≥0

taking values in L+(Rd). This linking will occur through the consideration of a family
of exponential processes in which a scaled version of (St)t≥0 along any fixed direction is
compensated by (Vt)t≥0 and a function ψ that measures the heaviness of the tails of ∆St.
ψ should be thought of as acting like the cumulant generating function (or CGF) of ∆St
— we will make this notion precise in our later discussion of CGF-like functions. These
exponential processes will behave like non-negative supermartingales, and thus will allow us
to apply powerful time-uniform concentration results to bound the growth of an appropriately
normalized version of (St)t≥0. Due to the central of role ψ in connecting the growth of (St)t≥0

and (Vt)t≥0, we will adopt the terminology of Howard et al. [31, 32] from the scalar case and
refer to the condition as the “sub-ψ condition”.

Before formally defining the sub-ψ condition, we must briefly discuss the properties of
the heretofore vaguely defined function ψ. ψ will be a cumulant generating function-like (or
CGF-like) function, which roughly means it behaves like the CGF of some random variable.
More explicitly, by a CGF-like function, we mean a twice continuously-differentiable function
ψ : [0, λmax) → R≥0 satisfying (a) ψ is strictly convex, (b) ψ(0) = ψ′(0) = 0, and (c)
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ψ′′(0) > 0. Notable examples of CGF-like functions include ψN(λ) := λ2

2
, the CGF of a

standard normal random variable;

ψE,c(λ) :=
− log(1− cλ)− cλ

c2
,

the CGF of a (centered) exponential random variable; ψP,c(λ) := ecλ−cλ−1
c2

, the CGF of a
centered Poisson random variable; and

ψG,c(λ) :=
λ2

2(1− cλ)
,

a bound on the CGF of a centered Gamma random variable. Note that, in particular,
ψG,0 = ψN . Basic theory regarding CGF-like functions is discussed in detail in Appendix A.
While we will use many nontrivial properties of CGF-like functions freely hereinafter, we
will always make the proper forward reference to Appendix A.

We now present the sub-ψ condition for scalar processes, and later for vector processes.
First introduced in Howard et al. [31], the sub-ψ condition very heuristically states that,
for each t ≥ 0, the cumulant generating function for St is dominated by Vt · ψ, where ψ is
some CGF-like function per the above definition. More precisely, the sub-ψ condition for
scalar-valued processes is as follows.

Definition 2.1. Let ψ : [0, λmax) → R≥0 be CGF-like, let (St)t≥0 and (Vt)t≥0 be respectively
R-valued and R≥0-valued processes adapted to some filtration (Ft)t≥0. We say that (St, Vt)t≥0

is sub-ψ (or equivalently that (St)t≥0 is a sub-ψ process with variance proxy (Vt)t≥0) if for
every λ ∈ [0, λmax), the exponential process exp {λSt − ψ(λ)Vt} is (almost surely) upper
bounded by some non-negative supermartingale (Lλt )t≥0 with respect to (Ft)t≥0:

Mλ
t := exp {λSt − ψ(λ)Vt} ≤ Lλt , for all t ≥ 0.

As an easy example, consider the case where (Xt)t≥1 is a sequence of i.i.d. mean zero
random variables with CGF ψ(λ) = logEeλX1 . Letting St :=

∑t
s=1Xs and Vt := t, it is easy

to see that Mλ
t is a non-negative martingale with respect to the natural filtration generated

by the Xt’s (and thus we can take Lλt =Mλ
t ).

Definition 2.1 generalizes the above example to a setting where the random variables
may have more complicated dependence structures, and “nonparametric” tail conditions,
including settings where Vt can itself be adapted to (Ft)t≥0 (as opposed to constant or pre-
dictable variance processes), a key ingredient in self-normalized bounds. Recently, Howard
et al. [31] compiled a rich selection of examples of such sub-ψ processes. For more examples,
one can specialize each of the multivariate sub-ψ processes following Definition 2.2 below to
the setting d = 1.

The above definition for scalar-valued processes suggests a straightforward means of gen-
eralizing the sub-ψ condition to the setting where (St)t≥0 is Rd-valued and (Vt)t≥0 is L+(Rd)-
valued. Namely, (St, Vt)t≥0 should be sub-ψ if, for any direction ν ∈ Sd−1, the scalar-valued
process (⟨ν, St⟩, ⟨ν, Vtν⟩)t≥0 is sub-ψ. We formalize this in the following definition, which
recovers Definition 2.1 in the case d = 1.

7



Definition 2.2. Let ψ : [0, λmax) → R≥0 be CGF-like, and let (St)t≥0 and (Vt)t≥0 be respec-
tively Rd-valued and L+(Rd)-valued processes adapted to some filtration (Ft)t≥0. We say
that (St, Vt)t≥0 is sub-ψ if, for every ν ∈ Sd−1, the projected process (⟨ν, St⟩, ⟨ν, Vtν⟩)t≥0 is
sub-ψ in the sense of Definition 2.1. In other words, (St, Vt)t≥0 is sub-ψ if, for any ν ∈ Sd−1

and λ ∈ [0, λmax), there is a non-negative supermartingale (Lλ·νt )t≥0 with respect to (Ft)t≥0

such that
Mλ·ν

t := exp {λ⟨ν, St⟩ − ψ(λ)⟨ν, Vtν⟩} ≤ Lλ·νt , for all t ≥ 0.

It is straightforward to confirm that if (St, Vt)t≥0 is sub-ψ, then (St, Vt + ρId)t≥0 and
(St, Vt ∨ ρId)t≥0 are sub-ψ as well. Furthermore, it is also straightforward to check that the
rescaled process (St/

√
ρ, Vt/ρ)t≥0 is sub-ψρ, where ψρ : [0,

√
ρλmax) → R≥0 is given by

ψρ(λ) := ρψ(λ/
√
ρ).

These transformations are important as they will allow us to exclusively study processes
satisfying V1 ≥ 1 in the sequel. For the sake of completeness, we prove that ψρ is in fact
CGF-like in Proposition A.2 in Appendix A. We codify the above observations into the
following proposition for ease of reference.

Proposition 2.3. Suppose (St, Vt)t≥0 is sub-ψ with (inherently with respect to some filtration
(Ft)t≥0). Then, for any fixed ρ > 0,

1. (St, Vt + ρId)t≥0 is sub-ψ with respect to (Ft)t≥0,

2. (St, Vt ∨ ρId)t≥0 is sub-ψ with respect to (Ft)t≥0, and

3. (St/
√
ρ, ρ−1Vt)t≥0 is sub-ψρ with respect to (Ft)t≥0, where ψρ(λ) := ρψ(λ/

√
ρ).

As we will see, Definition 2.2 will prove to be the “right” generalization of the sub-ψ
condition to high-dimensional settings. In more detail, from the condition, we will derive a
general, time-uniform bound on the self-normalized process (∥V −1/2

t St∥)t≥0 that will be tight
up to small, multiplicative constants.

Four Examples of Sub-ψ Processes: We now provide four practically-relevant examples
of multivariate sub-ψ processes — one for each of the aforementioned CGF-like functions
ψN , ψP , ψE,c, and ψG,c. In each of the examples below, we assume we are studying some
process (Xt)t≥1 that is adapted to some filtration (Ft)t≥0.

1. If Xt =d −Xt | Ft−1 (that is, the Xt are conditionally symmetric), Lemma 3 of de la
Peña et al. [21] can be used to show that St :=

∑t
s=1Xs is sub-ψN with variance proxy

Vt :=
∑t

s=1XsX
⊤
s . This provides salient example of how the sub-ψ condition can

be leveraged to provide meaningful concentration for processes whose increments may
even lack a well-defined mean (e.g. take the Xt to be i.i.d. Cauchy random variables).

2. If ∥Xt∥ ≤ c almost surely, a standard Bennett-style argument (see the proof of Theorem
2.9 in Boucheron et al. [11]) shows that St :=

∑t
s=1 {Xs − Es−1Xs} is sub-ψP,c with

variance proxy Vt :=
∑t

s=1 Es−1XsX
⊤
s .
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3. As will be seen in Section 6, if ∥Xt∥ ≤ 1/2 almost surely1, then St :=
∑t

s=1 {Xs − Es−1Xs}
is sub-ψE,1 with variance proxy Vt :=

∑t
s=1(Xs − µ̂s−1)(Xs − µ̂s−1)

⊤. In the above,
µ̂t :=

1
t

∑t
s=1Xs is the time-average mean given the first t samples. From this condi-

tion, one can derive a multivariate, self-normalized “empirical Bernstein” inequality.
This type of inequality is useful in statistical applications [58] due to the fact its tight-
ness adapts to the observed (i.e. empirical) variance within the samples witnessed.

4. Lastly, if Et−1|⟨ν,Xt⟩|k ≤ k!
2
ck−2Et−1⟨ν,Xt⟩2 for all directions ν ∈ Sd−1 and some

constant c > 0, a standard application of the Bernstein condition in each direction ν ∈
Sd−1 (see Theorem 2.10 of Boucheron et al. [11]) yields that St :=

∑t
s=1 {Xs − Es−1Xs}

is sub-ψG,c with variance proxy Vt :=
∑t

s=1 Es−1XsX
⊤
s .

Super-Gaussian CGFs: We draw attention to super-Gaussian ψ:

a CGF-like function ψ is super-Gaussian if ψ(λ)
λ2

is an increasing function of λ.

In words, ψ is super-Gaussian if it grows at least as rapidly as ψN , the CGF of a N (0, 1)
random variable. Most notable examples of CGF-like functions are super-Gaussian, with
particularly important examples being ψN , ψE,c, ψG,c, and ψP,c. Informally, one typically
needs to use a super-Gaussian CGF if the underlying random process is heavier tailed than
a sub-Gaussian process.

One example of a CGF that is not super-Gaussian would be ψB,p(λ), the CGF of a
centered Bernoulli random variable X with P(X = 1) = p. We discuss equivalent definitions
and properties of CGF-like functions in detail in Appendix A. While our bounds will hold
in the case where (St, Vt)t≥0 is sub-ψ for arbitrary ψ, they are particularly clean when ψ is
super-Gaussian, and we emphasize this case going forward.

3 A General Non-Asymptotic LIL for Scalar Processes

In this section, we prove a high-probability, time-uniform bound on the growth of a scalar
process (St)t≥0 normalized by some measure of accumulated variance (Vt)t≥0. In particular, in
Theorem 3.1 below, we show that if (St, Vt)t≥0 is a sub-ψ process, then, with high probability,
simultaneously for all t ≥ 0,

St = O

(
Vt · (ψ∗)−1

(
1

Vt
log log(Vt)

))
,

where we have omitted dependence on several user-chosen parameters and constants for the
sake of exposition. Dividing both sides by

√
Vt yields a result in “self-normalized” form

that looks more akin to the results in subsequent sections, but we adopt the above form
for consistency with existing results [31, 32]. Since (ψ∗)−1(u) ∼

√
2u as u ↓ 0 whenever

ψ(λ) ∼ λ2

2
as λ ↓ 0 (as is the case for all CGF-like functions addressed in the previous

section), for large values of Vt, the above high probability bound can be written as

St = O(
√
Vt log log(Vt)),

1Note that the the assumption ∥Xt∥ ≤ 1
2 can be replaced by any constant by appropriately changing the

scale parameter of the sub-Exponential CGF.
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thus allowing our results in this section to be viewed as a non-asymptotic (i.e. finite sample)
version of the law of the iterated logarithm. We further describe connections between our
scalar-valued bound and the law of the iterated logarithm in Subsection 3.2 below.

While we construct the bounds in this section as a requisite for deriving self-normalized
concentration inequalities for vector-valued processes, we believe the results are of indepen-
dent interest. In particular, our results are significantly more general than those of Howard
et al. [32], whose bounds serve as the current state-of-the-art for scalar-valued self-normalized
concentration. Unlike the results of Howard et al. [32], which only hold for sub-ψG,c (i.e.
sub-Gamma) processes, our results hold for general sub-ψ processes. While Howard et al.
[31] show that any CGF-like function ψ can be bounded pointwise by aψG,c for appropriately
chosen constants a, c > 0, this comparison can be loose. We illustrate this in Figure 1 in Ap-
pendix D, which shows that the time-uniform boundary presented in Theorem 3.1 (applied
in the sub-Poisson setting ψ = ψP,c) can offer improved concentration over the main theo-
rem of Howard et al. [32], which requires converting sub-ψP,c process to sub-ψG,c processes
in order to be applied. This case is of particular interest, as straightforward calculation
shows ψP,c(λ) ≤ ψG,c(λ) for all λ. Other examples demonstrating this disparity in bounds
can be readily constructed as well. Furthermore, even in the case of sub-ψG,c processes,
our bounds are essentially flush with those of Howard et al. [32] in the sub-Gamma case,
being multiplicatively looser by a vanishingly small factor as certain tuning parameters are
appropriately selected, as illustrated in Figure 2, also in Appendix D. We further discuss
comparisons between our bounds and those of Howard et al. [32] following the proof of
Theorem 3.1.

Before presenting the main theorem of this section, we discuss heuristically how we are
able to generalize the results of Howard et al. [32]. Much like the “stitching” technique of the
aforementioned authors, our argument proceeds, roughly, by breaking “intrinsic” time into
geometric epochs of the form {αk ≤ Vt < αk+1} and then optimizing a tight linear inequality
in each period. The key difference in our argument is in how we optimize this linear boundary
for (St)t≥0 in each epoch. The techniques leveraged by Howard et al. [32] yield a boundary
that is defined in terms of ψ−1

G,c, the inverse of the CGF-like function associated with a
Gamma distribution. From our understanding of the classical Chernoff argument, we know
that if a mean zero random variable X has associated CGF ψ(λ) := logEeλX , then we have
P
(
X ≥ (ψ∗)−1

(
log
(
1
δ

)))
≤ δ. Thus, although the Chernoff argument doesn’t directly apply

in this time-uniform setting, we at the very least expect to obtain a boundary defined in
terms of (ψ∗)−1. By coupling this intuition with the time-uniform line crossing inequalities of
Howard et al. [31], we are able to obtain an extremely general inequality for sub-ψ processes
with a surprisingly straightforward argument.

With the above discussion in mind, we present Theorem 3.1.

Theorem 3.1. Suppose (St, Vt)t≥0 is a real-valued sub-ψ process for some CGF-like function
ψ : [0, λmax) → R≥0 satisfying limλ↑λmax ψ

′(λ) = ∞. Let α > 1, ρ > 0, and δ ∈ (0, 1) be con-
stants respectively representing the stitching epoch length, the minimum intrinsic time, and
the error probability. Let h : N0 → R≥0 be an increasing function such that

∑
k∈N0

h(k)−1 ≤
1, representing how the error is spent across epochs. Define the function ℓρ : R≥0 → R≥0 by

ℓρ(v) = log

(
h

(
logα

(
v ∨ ρ
ρ

)))
+ log

(
1

δ

)
,

10



where we have suppressed the dependence of ℓρ(v) on α, h for brevity. Then, we have

P
(
∃t ≥ 0 : St ≥ (Vt ∨ ρ) · (ψ∗)−1

(
α

Vt ∨ ρ
ℓρ(Vt)

))
≤ δ.

We provide a full proof of Theorem 3.1 in Section 7 below. Except for the unavoidable
error probability δ, we briefly elaborate on the other user-specified constants that appear in
the statement of the theorem:

1. α > 1 controls the spacing of “intrinsic time” or accumulated variance of the pro-
cess (St)t≥0. Heuristically, Theorem 3.1 will be obtained by optimizing tight, linear
boundaries on events of the form {αk ≤ Vt < αk+1}.

2. ρ > 0 gives the first “intrinsic time” at which our boundaries start depending on the
variance process (Vt)t≥0. When 0 ≤ Vt < ρ, the boundary will only depend on ρ.

3. h : N0 → R>0 is a function satisfying
∑

k≥0 h(k)
−1 ≤ 1. h defines how much of the

overall probability mass associated with failure (determined by δ) to allocate to each
event of the form {αk ≤ Vt < αk+1}.

In the above, we view the parameters ρ, and h as critical, since they directly affect the
shape and validity of the bound, whereas we view α as less critical, as any small variation in
α will only minimally affect the tightness of the bound in terms of constants. For example,
a reasonable choice of this temporal spacing parameter is α = 1.05. Howard et al. [32]
discuss reasonable choices for the function h, and we emphasize in the sequel the choice
of h(k) := (k + 1)sζ(s), where s > 1 is a tuning parameter and ζ is the Riemann zeta
function. This choice is of particular theoretical interest as it yields non-asymptotic rates
that depend on log log(Vt) (up to constants), thus allowing our bound to be viewed as a
general, non-asymptotic version of the LIL. We in particular use this choice of h in the proof
of Corollary 3.2 in Subsection 3.2 below.

3.1 Comparison With Existing Bounds

We compare our results to those presented in Theorem 1 of Howard et al. [32], who provide
time-uniform, self-normalized concentration for scalar processes in the sub-ψG,c case, where

we recall ψG,c(λ) :=
λ2

2(1−cλ) is the CGF-like function associated with a sub-Gamma random
variable. We start by analyzing the special case c = 0, in which ψG,0 = ψN is the CGF of
a N (0, 1) random variable. In our notation, the authors show that if (St, Vt)t≥0 is a sub-ψN
process, then, with probability at least 1− δ, simultaneously for all t ≥ 0,

St ≤

√(
α1/4 + α−1/4

√
2

)2

(Vt ∨ ρ)ℓρ(Vt).

Noting that (ψ∗
N)

−1(u) =
√
2u, our results yield that, with probability at least 1− δ, simul-

taneously for all t ≥ 0,

St ≤
√

2α(Vt ∨ ρ)ℓρ(Vt).

11



A straightforward computation yields that, for all α > 1,
(
α1/4+α−1/4

√
2

)2
≤ 2α, showing that

the bounds of Howard et al. [32] are (slightly) tighter than our own. However, for α < 2.06,

we have 2α ≤ 2
(
α1/4+α−1/4

√
2

)2
, showing that our bounds are looser than those of Howard

et al. [32] by a multiplicative factor of no more than
√
2 in this regime. In particular, as α is

decreased towards 1, the multiplicative factor by which our bounds are suboptimal to those
of Howard et al. [32] vanishes to 1.

In the general case of c > 0, Theorem 1 in Howard et al. [32] yields that with probability
at least 1− δ, we have

St ≤

√(
α1/4 + α−1/4

√
2

)2

(Vt ∨ ρ)ℓρ(Vt) +
(√

α + 1

2

)2

ℓρ(Vt) + c

(√
α + 1

2

)
ℓρ(Vt). (1)

Meanwhile, noting that (ψ∗
G,c)

−1(x) =
√
2x+cx (this can be readily checked, or see Boucheron

et al. [11] e.g.), our results yield that, with probability at least 1− δ, we have

St ≤
√

2α(Vt ∨ ρ)ℓρ(Vt) + cαℓρ(Vt).

In this situation, a general comparison between the resulting bounds isn’t clear. Our
second term is larger, but it is a lower order term. Regarding the first term, for small Vt and
α, we may expect our bound to be tighter, as we don’t suffer from the second additive term
inside of the square root. On the other hand, for any α > 1 and moderate to large Vt, by
our analysis in the sub-Gaussian case of ψ = ψN (which is recovered when c = 0), we expect
the bound from Howard et al. [32] to be tighter for the same reason. We plot a detailed
comparison between Theorem 3.1 applied in the sub-ψG,c case and Equation 1 in Figure 2,
found in Appendix D.

We emphasize that the bounds of Howard et al. [32] hold only in the sub-Gamma case.
While sub-Gamma concentration can be applied to sums of sub-Exponential and sub-Poisson
random variables, this approximation is far from tight, especially in small sample sizes. Our
results hold directly for any CGF-like function ψ, including all listed in Section 2.

3.2 Asymptotic Law of the Iterated Logarithm

In the preceding paragraphs, we derived time-uniform bounds for general scalar-valued sub-ψ
processes. In particular, we argued our presented results generalized those of Howard et al.
[32], who show a similar result for the case ψ = ψG,c =

λ2

2(1−cλ) (i.e. when ψ is the CGF-like

function associated with a sub-Gamma random variable). As noted above, for any fixed
step size α > 1, in the case c = 0 (i.e. when ψ = ψN is the CGF of a standard Gaussian
random variable), the bounds of Howard et al. [32] dominate ours, albeit by a vanishingly
small multiplicative factor as α ↓ 1.

This begs the following question: are our bounds “optimal” in the sense that, by ap-
propriately selecting the tuning parameters, they recover the asymptotic (upper) law of the
iterated logarithm with the correct constant. In Corollary 3.2 below, we show that this
exactly the case, and thus derive a law of the iterated logarithm for sub-ψ processes.

12



Corollary 3.2. Let (St)t≥0 be sub-ψ with variance proxy (Vt)t≥0, and suppose that ψ(λ) ∼ λ2

2

as λ ↓ 0 and Vt −−−→
t→∞

∞. Then,

lim sup
t→∞

St√
2Vt log log(Vt)

≤ 1 almost surely.

Corollary 3.2 follows as a direct consequence of Corollary 4.6, which provides an asymp-
totic law of the iterated logarithm for vector-valued sub-ψ processes, noting that the depen-
dence of the bound on the condition number of Vt vanishes in the scalar case.

We provide some brief intuition for our proof of Corollary 3.2. In the proof, we consider a
sequence of bounds (indexed by n ≥ 1), with tuning parameters (αn)n≥1, (δn)n≥1, and (hn)n≥1

satisfying αn ↓ 1, δn ↓ 0, and hn(k) := (k + 1)snζ(sn), where sn ↓ 1. We assume ρ := 1,
as by assumption the variance (Vt)t≥0 will grow towards infinity and thus the initial time at
which the bound is valid will not matter. Heuristically, smaller values of the aforementioned
parameters (being αn, δn, sn) imply that the ratio between our bounds and

√
2Vt log log(Vt)

will be closer to 1 for large values of Vt, but will suffer from an increased “bias” or additive
penalty for small values of Vt. Since we assume Vt grows towards infinity almost surely, the
effect of the additive bias becomes negligible in the large intrinsic time limit (i.e. as Vt → ∞).

In more detail, for any n ≥ 1, we show that for large values of time t ≥ Tn (Tn may

be random), we have Vt · (ψ∗)−1
(
α
Vt
ℓ1(Vt)

)
≤ (1 + η)Cn

√
2Vt log log(Vt), where Cn ↓ 1

as n → ∞ and η > 0 is some pre-fixed parameter. Given we have such a bound for
all n ≥ 1, we can apply the first Borel-Cantelli lemma (which describes when certain se-
quences of events will happen either “infinitely often” or only “finitely often”) to show that
lim supt→∞

St√
2Vt log log(Vt)

≤ (1 + η). Since η > 0 was arbitrary, the desired bound follows.

4 Main result

We now present the main result of this paper: a time-uniform, self-normalized concentration
inequality for a general class of processes evolving in Rd. We now discuss the intuition for
our argument. Our results follow by coupling our scalar-valued self-normalized inequalities,
presented in the previous section, with a simple but careful geometric covering argument.
At a high level, our results in the previous section could be seen as controlling the growth
of the process (St)t≥0 over various scales of “intrinsic time”, determined by the accumulated
variance process (Vt)t≥0. Analogously, to handle the multivariate nature of results in this
section, we need to carefully control how the accumulated variance process (this time a
matrix-valued process), distorts the geometry of Rd across various scales. In this setting, the
level of distortion is controlled by κ(Vt) := γmax(Vt)/γmin(Vt), the condition number of the
positive semi-definite matrix Vt (if γmin(Vt) = 0, κ(Vt) = ∞ by convention).

Theorem 4.1. Suppose (St)t≥0 is a sub-ψ process with variance proxy (Vt)t≥0 taking values
Rd. Let α > 1, β > 1, ρ > 0, ϵ ∈ (0, 1), and δ ∈ (0, 1) be constants, and let h : N0 → R≥0 be

13



an increasing function such that
∑

k∈N0
h(k)−1 ≤ 1. Define the function2 Lρ : Sd+ → R≥0 by

Lρ(V ) := log

(
h

(
logα

(
γmax(V ∨ ρId)

ρ

)))
+ log

(
1

δ

1

1− β−1

)
+ log

(
β
√
κ(V ∨ ρId) ·Nd−1

(
ϵ

β
√
κ(Vt ∨ ρId)

))
.

If ψ is super-Gaussian, meaning ψ(λ)/(λ2/2) is an increasing function of λ, then

P

(
∃t ≥ 0 :

∥∥(Vt ∨ ρId)−1/2St
∥∥ ≥

√
γmin(Vt ∨ ρId)

1− ϵ
· (ψ∗)−1

(
α

γmin(Vt ∨ ρId)
Lρ(Vt)

))
≤ δ.

In addition to the parameters α, ρ, and h from Theorem 3.1, there are two new user-
specified constants that govern the geometric aspects of our bound presented in Theorem 4.1.

1. β > 1 controls the spacing of how the action of the sequence of matrices (Vt)t≥0 distorts
the geometry of Rd. Heuristically, Theorem 4.1 will be obtained by optimizing self-
normalized inequalities on events of the form {βk ≤

√
κ(Vt) < βk+1} and carefully

performing a union bound.

2. ϵ ∈ (0, 1) controls the “mesh” or level of granularity at which we approximate the
geometry of the unit sphere Sd−1 in the covering argument we make.

In the vocabulary of our preceding results, we view neither β nor ϵ as being critical
parameters in optimizing our boundary. In particular, for simplicity, reasonable default
choices would be β = 2 and ϵ = 1

2
.

Before proving Theorem 4.1, we comment that a result similar to the above holds even
in the setting where the CGF-like function ψ is not super-Gaussian. In particular, en route
to proving the above, we will show that, if (St, Vt)t≥0 is sub-ψ for any CGF-like ψ, we have

P

(
∃t ≥ 0 :

∥∥(Vt ∨ ρId)−1/2St
∥∥ ≥ sup

ν∈Sd−1

√
⟨ν, Vtν⟩
1− ϵ

· (ψ∗)−1

(
α

⟨ν, Vtν⟩
Lρ(Vt)

))
≤ δ.

The assumption that ψ is super-Gaussian merely allows us to compute the supremum over
ν ∈ Sd−1 in the above expression, giving the result a cleaner form. This assumption is not
restrictive, as many reasonable examples of CGF-like functions are super-Gaussian (e.g. ψN ,
ψG,c, ψE,c, and ψP,c to name a few encountered earlier).

To simplify the above bound further (at the cost of introducing some looseness) we
can plug in upper bounds on Nd−1(ϵ) into Theorem 4.1. We prove the following lemma
in Appendix C, and it follows from a simple geometric argument. The following bound is
not tight, but suffices for subsequent asymptotic analysis. We use the bound presented in

Corollary 4.2 overe the bound Nd−1(ϵ) ≤
(
3
ϵ

)d
(which follows from Lemma 5.7 of Wainwright

[57]) due to slightly improved dependence on d in the exponent. If desired, one could obtain
an analogue of Corollary 4.3 using the aforementioned bound as well, or even any bound on
Nd−1(ϵ).

2Recall Nd−1(ϵ) was defined to be the ϵ-covering number of Sd−1.
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Lemma 4.2. Let ϵ ∈ (0, 1) be arbitrary and d ≥ 1. Then,

Nd−1(ϵ) ≤ Cd

(
3

ϵ

)d−1

,

where Cd is a constant that does not depend on ϵ.

With the above bound on the covering number of Sd−1, we have the following corollary.

Corollary 4.3. Assume the same setup as in Theorem 4.1. Define Lcovρ : L+(Rd) → R≥0 by

Lcovρ (V ) := log

(
h

(
logα

(
γmax(V ∨ ρId)

ρ

)))
+ log

(
Cd

δ(1− β−1)

)
+ d log

(
3β
√
κ(V ∨ ρId)
ϵ

)
.

Then,

P

(
∃t ≥ 0 :

∥∥(Vt ∨ ρId)−1/2St
∥∥ ≥

√
γmin(Vt ∨ ρId)

1− ϵ
· (ψ∗)−1

(
α

γmin(Vt ∨ ρId)
Lcovρ (Vt)

))
≤ δ.

Proof. The result immediately follows by applying Theorem 4.1 and noting the bound

β
√
κ(V ∨ ρId) ·Nd−1

(
ϵ

β
√
κ(V ∨ ρId)

)
≤

3β
√
κ(Vt ∨ ρId)
ϵ

·

(
3β
√
κ(V ∨ ρId)
ϵ

)d−1

=

(
3β
√
κ(V ∨ ρId)
ϵ

)d

,

which holds for all positive semi-definite matrices V ∈ L+(Rd). ■

Treating the tuning parameters α, β, ϵ, ρ as constants and selecting h : N0 → R≥0 satisfy-
ing h(k) = O(log(k)) (which, as noted by Howard et al. [32], holds when h(k) := (k+1)sζ(s)
for any s > 1), Corollary 4.3 yields that, with high probability, simultaneously for all t ≥ 0,∥∥∥V −1/2

t St

∥∥∥ = O

(√
γmin(Vt) · (ψ∗)−1

(
1

γmin(Vt)
[log log(γmax(Vt)) + d log κ(Vt)]

))
.

We now specify (in terms of big-Oh notation) our bounds to the setting of two common
CGF-like functions. First, we consider the case ψ(λ) = ψG,c(λ) =

λ2

2(1−cλ) , for which we recall

that
(
ψ∗
G,c

)−1
(x) =

√
2x+ cx, and so our bounds yield that∥∥∥V −1/2

t St

∥∥∥ = O

(√
log log(γmax(Vt)) + d log κ(Vt) +

c√
γmin(Vt)

[log log(γmax(Vt)) + d log κ(Vt)]

)
Further specifying to the case ψ(λ) = ψN(λ) =

λ2

2
(which is equivalent to the case ψ = ψG,c

with c = 0), the above bound reduces to the form:∥∥∥V −1/2
t St

∥∥∥ = O
(√

log log(γmax(Vt)) + d log κ(Vt)
)
. (2)

The bound (2), in particular, captures the asymptotic growth rate of very general classes of
sub-ψ process when ψ(λ) ∼ λ2

2
as λ ↓ 0 (in a sense that we will make fully precise soon).
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4.1 Comparison With Existing Bounds

Now that we have presented the main result of the paper in Theorem 4.1 and examined
the dimensional dependence of the bound in Corollary 4.3, we can compare our bounds to
existing results in the literature. As a warm up (and sanity check), we ensure our bound
presented in Theorem 4.1 recovers the results presented in Theorem 3.1, up to multiplicative
or additive constants.

Comparison with Scalar Bounds: If (St, Vt)t≥0 is sub-ψ and taking values in R, we note
that for any ϵ ∈ (0, 1), N0(ϵ) = 2. Thus, Theorem 4.1 yields that, with probability at least
1− δ, simultaneously for all t ≥ 0 (assuming Vt ≥ ρ for simplicity),

St√
Vt

≤
√
Vt · (ψ∗)−1

(
α

Vt
Lρ(Vt)

)
=

1

1− ϵ

√
Vt · (ψ∗)−1

(
α

Vt

[
ℓρ(Vt) + log

(
1

1− β−1

)
+ log (2β)

])
= C1

√
Vt · (ψ∗)−1

(
α

Vt
[ℓρ(Vt) + C2]

)
,

where we have defined C1 :=
1

1−ϵ and C2 := log
(

1
1−β−1

)
+ log (2β) for convenience. On the

other hand, Theorem 3.1 yields that, with probability at least 1 − δ, simultaneously for all
t ≥ 0 such that Vt ≥ ρ,

St√
Vt

≤
√
Vt · (ψ∗)−1

(
α

Vt
ℓρ(Vt)

)
.

As expected, the bound yielded by Theorem 4.1 is looser than the that of Theorem 3.1,
due to the extra union bound needed in the covering argument. However, the looseness
is only by an absolute multiplicative factor C1 and an additive factor of C2 inside (ψ∗)−1.
Since the N0(ϵ) = 2 for all ϵ ∈ (0, 1), the multiplicative factor can be forced to be arbitrarily
small by appropriately choosing the covering parameter ϵ (e.g. sending ϵ ↓ 0 yields C1 ↓ 1).
Likewise, the impact of the additive factor becomes vanishingly small as Vt → ∞.

Method of Mixtures Bounds: Next, we compare our multivariate, self-normalized bounds
to the “method of mixtures” bounds for sub-Gaussian concentration, in particular the fol-
lowing bound that follows from Example 4.2 of de la Peña et al. [21] and Theorem 1 of
Abbasi-Yadkori et al. [2] and has become a staple in constructing confidence sets in online
learning tasks [37, 61, 25]. We rephrase their sub-Gaussian result in the setting of “sub-ψN”
concentration to ease comparison with our results.

Fact 4.4 (de la Peña et al. [21], Abbasi-Yadkori et al. [2]). Let (St, Vt)t≥0 be an Rd-valued
sub-ψN process where Vt =

∑t
s=1 Es−1∆Ss∆S

⊤
s . Then, for any δ ∈ (0, 1) and any ρ > 0,

with probability at least 1− δ, simultaneously for all t ≥ 0,

∥∥(Vt + ρId)
−1/2St

∥∥ ≤

√
2 log

(
1

δ

√
det (Id + ρ−1Vt)

)
.
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We note that the above bound holds only in the case where the process (St)t≥0 has sub-
Gaussian increments, and it is not obvious whether or not a similar result holds for other
tails, for more CGF-like functions ψ, and adapted (not predictable) Vt. In the case ψ = ψN ,

as noted in (2), our bound is of the form
∥∥∥V −1/2

t St

∥∥∥ = O
(√

log log(γmax(Vt)) + d log κ(Vt)
)
.

These two bounds (those based on the determinant of the variance proxy and those based
on the condition number of the variance proxy) are fundamentally incomparable. When Vt
is well-conditioned, we expect our bounds to be tighter than the bound in Fact 4.4, as our
bounds will be of order ≈

√
log log(γmax(Vt)) + d. If κ(Vt) ≈ γmax(Vt), we may expect the

determinant rate bound in Fact 4.4 to be tighter, as the bound provided by Theorem 4.1 will
be of order ≈

√
log log(γmax(Vt)) + d log(γmax(Vt)), and d log γmax(Vt) ≥ log det(Vt) (ignoring

the shift ρ in the covariance matrix). One particularly useful feature of our bounds is that
the do not require a shift in variance proxy as the bound in Fact 4.4 does. It is an interesting
open problem to derive determinant-rate self-normalized bounds under more general tail
conditions and for adapted (not predictable) Vt.

Backwards Martingale Bounds: As a last point of comparison, we relate our bounds
to the recent bounds constructed by Manole and Ramdas [44] using backwards or reverse
martingale techniques. We note that the bounds of Manole and Ramdas [44] hold for any
fixed norm on Rd (e.g. ℓp norms, for instance), but we only present the result in the case of
the ℓ2 norm, as this is the setting in which our bounds are comparable. The authors leverage
the following bounds in estimating an unknown, multivariate mean from i.i.d. data. In our
statement below, we center all observations so that the unknown mean always takes value
zero for ease of comparison.

Fact 4.5 (Corollary 23 of Manole and Ramdas [44]). Let St :=
∑t

s=1Xs, where (Xt)t≥0 are
i.i.d. with mean 0. Let h : N0 → R≥0 satisfy

∑∞
k=0 h(k)

−1 ≤ 1, and let ψ : [0, λmax) → R≥0

be CGF-like. Suppose that, for any λ ∈ [0, λmax) and t ≥ 0, supν∈Sd−1 logEeλ⟨ν,Xt⟩ ≤ ψ(λ).
Then, for any δ ∈ (0, 1), with probability at least 1− δ, simultaneously for all t ≥ 0,

∥St/
√
t∥ ≤

√
t

1− ϵ
· (ψ∗)−1

(
2

t

[
log(h(log2(t))) + log

(
1

δ

)
+ logNd−1(ϵ)

])
.

It is clear that the process (St)t≥0 is sub-ψ with variance proxy (Vt)t≥0 given by Vt := tId,
and so Theorem 4.1 (taking ρ = 1) applied to this setting yields that, with probability at
least 1− δ, simultaneously for all t ≥ 1,

∥St/
√
t∥ ≤

√
t

1− ϵ
· (ψ∗)−1

(
α

t

[
log(h(logα(t))) + log

(
β

δ(1− β−1)

)
+ logNd−1(ϵ)

])
.

In this particular setting, our bound is almost equivalent to that of Manole and Ramdas

[44], being looser is a vanishingly small additive factor log
(

β
1−β−1

)
due to the covering ar-

gument needed to control the geometric “distortions” induced by the variance proxy (Vt)t≥0.
However, we note that our bound is significantly more general, as it allows for arbitrary
martingale dependence between observed random variables. This is in contrast to the bound
of Manole and Ramdas [44], as this bound is only valid if the data are known to be i.i.d. (or,
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at the very least, exchangeable). The argument used by Manole and Ramdas [44] does not
readily generalize to general dependence structures because they leverage reverse martingales
in the exchangeable filtration, thus requiring that the data be exchangeable.

4.2 Vector Laws of the Iterated Logarithm

In Corollary 3.2, we discussed how our scalar bounds can be used to derive a version of the
law of the iterated logarithm for scalar sub-ψ processes. In particular, this bound obtained
the optimal constant matching the case of i.i.d. random variables (see Durrett [26], Chapter
8 or Howard et al. [32]), showing that our bounds are unimprovable asymptotically.

In the multivariate setting, our bounds do not just depend on log log(γmax(Vt)), but also
on log κ(Vt). This dependence is not simply an artefact of our analysis, as de la Peña et al.

[21] show an example of a 2-dimensional process (St)t≥0 and (Vt)t≥0 satisfying ∥V −1/2
t St∥ ∼√

log κ(Vt) almost surely.
In this section, we aim to show that our results are asymptotically optimal in the following

sense. First, we show that, under a simple set of assumptions, if (St, Vt)t≥0 is a sub-ψ, then

lim supt→∞
∥V −1/2

t St∥√
2 log log(γmax(Vt))+d log κ(Vt)

≤ 1 almost surely. Secondly, we show that this bound

is “tight” in the sense that there exists a sub-ψ process (St, Vt)t≥0 such that ∥V −1/2
t St∥ =

Θ(
√
log log γmax(Vt) + d log κ(Vt)) almost surely.

We start by presenting the first result, which can be viewed as an “upper law of the
iterated logarithm”. We prove this result in Section 7.

Corollary 4.6. Let (St)t≥0 be an Rd-valued sub-ψ process with variance proxy (Vt)t≥0.

Suppose that (a) ψ(λ) ∼ λ2

2
as λ ↓ 0, (b) γmin(Vt) −−−→

t→∞
∞ almost surely, and (c) and

log(γmax(Vt))/γmin(Vt) = o(1) almost surely. Then,

lim sup
t→∞

∥V −1/2
t St∥√

2 log log γmax(Vt) + d log κ(Vt)
≤ 1

almost surely.

We can compare the above corollary to the discussion at the beginning of Section 3 of
de la Peña et al. [21], where the authors show that when (St)t≥0 and (Vt)t≥0 satisfy certain
assumptions based on finiteness of pth moments, one has

lim sup
t→∞

∥(Vt + V )−1/2St∥√
log log γmax(V + Vt) + log κ(Vt + V )

= O(1) almost surely,

where the constant masked by the “Big-Oh” notation maybe be random. Our bound is more
precise than their bound in that (a) we obtain an explicit constant in our asymptotic bound,
(b) the bound recovers the LIL in the case d = 1 (see the earlier discussed Corollary 3.2),
and (c) our bound elicits explicit dependence on the ambient dimension d.

The remaining question is if the above law of the iterated logarithm is tight. As afore-
mentioned, de la Peña et al. [21] show the existence of a two-dimensional process satisfying

∥V −1/2
t St∥ ∼ log κ(Vt) almost surely. We first describe this example, and then show how
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to extend it to higher dimensions. In particular, we will construct a process that attains
the same rate as the upper bound presented in our Corollary 4.6, up to a small, absolute
constant. We start by describing the example of de la Peña et al. [21].

Example 4.7. Let (ϵt)t≥1 be a sequence of i.i.d. N (0, 1) random variables, and let (Ft)t≥0

be the natural filtration associated with (ϵt)t≥1. First, define the regressors (Ut)t≥1 by U1 = 0
and Ut+1 := U t+ ϵt, where for a sequence (yt)t≥1 we define yt :=

1
t
(y1 + y2 + · · ·+ yt). Then,

embed these regressors into R2 by defining the process (Xt)t≥1 as Xt := (1, Ut)
⊤. Clearly, by

construction, the process (Xt)t≥1 is (Ft)t≥0-predictable.
With these sequentially constructed regressors, one can construct a martingale (St)t≥0

with respect to (Ft)t≥0 given by St :=
∑t

s=1 ϵsXs and a corresponding predictable covariance
process (Vt)t≥0 given by Vt =

∑t
s=1XsX

⊤
s . de la Peña et al. [21] show that the following

hold almost surely:

1. γmax(Vt) ∼ t (1 +
∑∞

s=1 s
−1ϵs),

2. γmin(Vt) ∼ log(t)
1+

∑∞
s=1 s

−1ϵs
, and

3. ∥V −1/2
t St∥ ∼

√
log(t).

Noting that log κ(Vt) = log(γmax(Vt)/γmin(Vt)) ∼ log(t), we see that we have ∥V −1/2
t St∥ ∼√

log κ(Vt) almost surely. Further, it is easily checked that (St, Vt)t≥0 is sub-ψN , per Defini-
tion 2.2. Thus, this example shows that the logarithmic dependence on κ(Vt) in Theorem 4.1
cannot, in general, be dropped.

While the above example demonstrates the inevitability of having log κ(Vt) appear in
non-asymptotic, self-normalized concentration for vector-valued processes, it does not cap-
ture dependence on dimensionality. In the next example, we show that there exists sub-ψ

processes (St, Vt)t≥0 such that ∥V −1/2
t St∥ ∼

√
d
2
log κ(Vt), showing our upper bounds are

within a multiplicative factor
√
2 of optimal.

Example 4.8. Suppose d is even. Let (S
(1)
t )t≥0, . . . , (S

(d/2)
t )t≥0 be i.i.d. copies of the pro-

cess constructed in Example 4.7, (V
(1)
t )t≥0, . . . , (V

(d/2)
t )t≥0 the corresponding predictable co-

variance processes, and (Ft)t≥0 the smallest filtration for which (ϵ
(1)
t )t≥1, . . . , (ϵ

(d/2)
t )t≥1 are

adapted, i.e. the filtration given by Ft := F (1)
t

∨
· · ·
∨

F (d/2)
t , where F

∨
G denotes the “join”

of σ-algebras F ,G, i.e. the smallest σ-algebra containing both.

Define the Rd-valued process (St)t≥0 by St :=
(
S
(1)
t , . . . , S

(d/2)
t

)
, and the corresponding

covariance process (Vt)t≥0 by

Vt :=


V

(1)
t 0 · · · 0

0 V
(2)
t · · · 0

...
. . . 0

0 · · · · · · V
(d/2)
t

 .

Clearly (St)t≥0 is (Ft)t≥0-adapted and (Vt)t≥0 is (Ft)t≥0-predictable. Moreover, it can
readily be checked that (St, Vt)t≥0 is a sub-ψN process.
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Since Vt is a block-diagonal matrix, we clearly have γmax(Vt) = maxi∈[d/2] γmax(V
(i)
t ) and

γmin(Vt) = mini∈[d/2] γmin(V
(i)
t ). Thus, using the reasoning on the almost sure behavior on

γmax(V
(i)
t ) and γmin(V

(i)
t ) presented in Example 4.7, we see that log κ(Vt) ∼ log(t) almost

surely. Further, it isn’t hard to see that

∥V −1/2
t St∥2 = S⊤

t V
−1
t St

= (S
(1)
t )⊤(V

(1)
t )−1S

(1)
t + · · ·+ (S

(d/2)
t )⊤(V

(d/2)
t )−1S

(d/2)
t ∼ d

2
log κ(Vt).

Thus, we have shown that, up to small constants, the dependence on log κ(Vt) and d in
Theorem 4.1 (and thus the corresponding dependence in Corollary 4.6) is unimprovable.

5 Applications to Online Linear Regression

We now use our self-normalized bounds to construct confidence ellipsoids for slope estima-
tion in online linear regression. In online linear regression, a statistician interacts with an
environment over a sequence of rounds. At the beginning of each round, he adaptively (per-
haps using observations from previous rounds) selects a point Xt ∈ Rd, and then observes
noisy feedback Yt := ⟨Xt, θ

∗⟩+ ϵt, where ϵt represents some mean zero noise variable and θ∗

is a fixed slope vector. The goal of the statistician is to produce a confidence sequence for
the unknown slope vector — that is, a time indexed sequences of sets that all simultane-
ously contain the unknown parameter with high probability. We formalize the online linear
regression model as follows.

Model 5.1 (Online Linear Regression). Let (Ft)t≥0 be a filtration and θ∗ ∈ Rd a fixed
(unknown) slope vector. The online linear regression model is characterized by three pro-
cesses: (a) a (Ft)t≥0-predictable Rd-valued sequence (Xt)t≥1 representing adaptively-chosen
covariates, (b) a (Ft)t≥0-adapted scalar-valued processes (ϵt)t≥1 representing noise, and (c)
(Yt)t≥1 given as Yt = ⟨Xt, θ

∗⟩ + ϵt representing noisy responses. We assume the residual
process St :=

∑t
s=1 ϵsXs is sub-ψ with (predictable) variance proxy Vt :=

∑t
s=1XsX

⊤
s , where

ψ is a super-Gaussian CGF-like function.

For a fixed regularization parameter ρ > 0, we consider the sequence of least squares
estimates with shrinkage given by

θ̂t := (X⊤
t Xt ∨ ρId)−1X⊤

t Yt, t ≥ 1,

whereXt ∈ Rt×d hasX1, . . . , Xt as its rows andYt ∈ Rd is a column vectors with Y1, . . . , Yt as
its entries. Clearly θ̂t reduces to the standard least-squares estimator when γmin(X

⊤
t Xt) ≥ ρ.

The assumption that (St, Vt) is sub-ψ is often mild. For example, it is satisfied (a) if
logEt−1 exp{λϵt} ≤ ψN(λ) for all λ ∈ R (i.e. ϵt is conditionally sub-Gaussian), or (b) if
∥Xt∥ ≤ 1 for all t ≥ 1 and logEt−1 exp{±λϵt} ≤ ψ(λ) for some super-Gaussian ψ and
all λ ∈ [0, λmax). We prove this in Proposition B.1 in Appendix B. The assumption that
∥Xt∥ ≤ 1 for all t ≥ 1 in the above can be replaced with the assumption that ∥Xt∥ ≤ R for
any fixed R > 0 by appropriate rescaling. This type of boundedness assumption is regularly
made in the mult-armed bandit literature [2, 12, 42], and thus has practical relevance.
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5.1 Time-Uniform Confidence Ellipsoids

We briefly discuss how confidence ellipsoids are constructed in classical least-squares regres-
sion. In this setting, one observes a matrix of covariates X ∈ Rt×d and a response vector
Y ∈ Rt given by Y = Xθ∗ + ϵ, where ϵ ∼ N (0, σ2Id). If X⊤X is full rank, it is well-

known [49, 36] that the least-squares estimate for θ∗, given by θ̂ := (X⊤X)−1X⊤Y, satisfies

σ−1∥(X⊤X)1/2(θ̂ − θ∗)∥ ∼ χ2
q,

where χ2
q denotes the Chi-squared distribution with q degrees of freedom. Letting xq,δ denote

its δth upper quantile3 it follows that the set

C := {θ ∈ Rd : σ−1∥(X⊤X)1/2(θ̂ − θ)∥ ≤ xq,δ}

forms an exact 1− δ confidence ellipsoid for θ∗ centered at θ̂.
The above confidence ellipsoid fails to be valid when X is no longer fixed or when the

added noise variables are no longer i.i.d. Gaussian, which is the case presented in our heuristic
model above. To circumvent this failure of classical statistical machinery, we can leverage
our self-normalized bounds for vector-valued processes to construct confidence ellipsoids for
θ∗ that are valid across all time steps uniformly. We do exactly this in the following theorem.

Theorem 5.2. Consider Model 5.1, let δ ∈ (0, 1) be arbitrary and set Vt := X⊤
t Xt =∑t

s=1XsX
⊤
s . Then, with probability at least 1− δ, simultaneously for all t ≥ 1, we have

∥(Vt∨ρId)1/2(θ̂t−θ∗)∥ <
√
γmin(Vt ∨ ρId)

1− ϵ
·(ψ∗)−1

(
α

γmin(Vt ∨ ρId)
Lρ(Vt)

)
+
√
ρ∥θ∗∥1γmin(Vt)<ρ,

where the parameters α, ϵ, β, h and the function Lρ (which partially masks parameter depen-
dence) are as outlined in Theorem 4.1.

The dependence on the norm of the unknown slope vector in Theorem 5.2 may be a mild
irritant, but note that the indicator function multiplying it ensures that the term necessarily
disappears for large t. Also note that assuming a known bound on ∥θ∗∥ is common in many
statistical tasks, in particular those related to bandit optimization [2, 12, 42]. Nonetheless,
this dependence can be fully removed by sacrificing validity of the bound above bound when
the minimum eigenvalue of X⊤

t Xt is small. This is made precise as follows.

Corollary 5.3. Assume the same setup as Theorem 5.2. Then, we have

P

(
∃t ≥ 0 : ∥V 1/2

t (θ̂t − θ∗)∥ ≥
√
γmin(Vt)

1− ϵ
· (ψ∗)−1

(
α

γmin(Vt)
Lρ(Vt)

)
and Vt ⪰ ρId

)
≤ δ.

We can similarly derive a result for the ridge estimators of the unknown slope parameter,
which are given by θ̃t := (X⊤

t Xt + ρId)
−1X⊤

t Yt. We prove the following in Appendix B.

3that is, xq,δ > 0 is the unique value satisfying P(X ≥ xq,δ) = δ, where X ∼ χ2
q
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Corollary 5.4. Assume the setup outlined in Theorem 5.2 above. Consider the sequence of
ridge estimates (θ̃t)t≥1 given by

θ̃t := (X⊤
t Xt + ρId)

−1X⊤
t Yt.

Set Vt := X⊤
t Xt. With probability at least 1− δ, simultaneously for all t ≥ 1, we have

∥(Vt+ ρId)
1/2(θ̃t− θ∗)∥ <

√
γmin(Vt + ρId)

1− ϵ
· (ψ∗)−1

(
α

γmin(Vt + ρId)
Lρ(Vt + ρId)

)
+
√
ρ∥θ∗∥,

where the parameters α, ϵ, β, h and the function Lρ (which partially masks parameter depen-
dence) are as outlined in Theorem 4.1.

Comparison with Existing Bounds: Many results concerning finite-sample properties
of regression estimators are based either in the setting of fixed design [57, 4] or in the the
case of independent covariates [38, 39]. Moreover, these results are more often than not

concerned with bounding the ℓ2-error of the estimator, i.e. the quantity ∥θ̂t−θ∗∥, as opposed
to the self-normalized quantities we study.

The main points of comparison for our results have been derived in the online learn-
ing/regression literature. We compare our results to those of Abbasi-Yadkori et al. [2]. In
their work, Abbasi-Yadkori et al. [2] construct a confidence sequence for estimating an un-
known slope vector θ∗ by utilizing self-normalized concentration for sub-Gaussian processes
(in particular, leveraging a Gaussian mixture technique that dates back to Example 4.2 in
de la Peña et al. [21]). While subsequent confidence sequences have been derived in the
setting of regression with variance estimation [25], semiparametric regression with bounded
confounding [37], and ridge regression in reproducing kernel Hilbert spaces [61, 1], we focus
just on the original contributions of Abbasi-Yadkori et al. [2] since all subsequent results
exhibit the same rate and hold only in the setting of sub-Gaussian noise.

Fact 5.5 (Theorem 2 of Abbasi-Yadkori et al. [2]). Let (Ft)t≥0 be a filtration, let (Xt)t≥1 be an
(Ft)t≥0-predictable sequence in Rd, and let (ϵt)t≥1 be a real-valued (Ft)t≥1-adapted sequence
such that conditional on Ft−1, logEt−1 exp {λϵt} ≤ ψN(λ) for all λ ∈ R. Then, for any ρ > 0
and δ ∈ (0, 1),

P

(
∃t ≥ 0 : ∥(Vt + ρId)

1/2(θ̃t − θ∗)∥ ≥

√
2 log

(
1

δ

√
det(Id + ρ−1Vt)

)
+
√
ρ∥θ∗∥

)
≤ δ,

where θ̃t is the ridge regression estimator outlined in Corollary 5.4 and Vt :=
∑t

s=1XsX
⊤
s .

We compare our results to Fact 5.5 in the setting ψ = ψN , as this is the only setting in
which the results of Abbasi-Yadkori et al. [2] are valid. We first qualitatively compare the
above confidence sequence to the one presented in Corollary 5.4. Both bounds suffer the
same dependence on the norm of the unknown slope vectors and differ only in the first term.
Namely, as noted earlier, (ψ∗

N)
−1(u) = ψ−1

N (u) =
√
2u, so in this setting our bound reduces

to the form

∥(Vt + ρId)
1/2(θ̃t − θ∗)∥ ≤

√
2αLρ(Vt + ρId) +

√
ρ∥θ∗∥

= O
(√

log log γmax(ρ−1Vt + Id) + d log κ(Vt + ρId)
)
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simultaneously for all t ≥ 0 with probability at least 1−δ. Thus, the same comparison made
in Subsection 4.1 applies in this setting — when the (shifted) covariance Vt + ρId is poorly
conditioned, the bound presented in Fact 5.5 would be expected to be tighter. Likewise,
when Vt + ρId is well-conditioned, Corollary 5.4 may be tighter.

A more interesting comparison is between Fact 5.5 and Theorem 5.2 (more specifically,
Corollary 5.3 following the theorem statement). Whereas the above fact provides convergence
guarantees for ridge regression estimates, Corollary 5.3 applies directly to the unregularized,
least-squares estimates of the unknown slope vector. In particular, the bound does not
depend on ∥θ∗∥, the norm of the unknown slope vector. This may be desirable in many
statistical settings in which either advanced knowledge of such a bound is unavailable or
only a loose bound on the quantity is known. Moreover, this bound is interesting in itself as
no shift in covariance is required in constructing the confidence ellipsoids. The rate given by
Corollary 5.3 is essentially the same that provided by Corollary 5.4 modulo the presence of a
shift in the covariance matrix, i.e. the corollary yields that with high probability, uniformly

in time, ∥V 1/2
t (θ̂t − θ∗)∥ = O

(√
log logmax(ρ

−1Vt) + d log κ(Vt)
)
.

5.2 Applications to Vector Autoregressive Models

We now show how to apply our confidence ellipsoids from Subsection 5.1 in the section to a
vector autoregressive model. We take inspiration from Bercu and Touati [8], who leverage
self-normalized concentration results for scalar-valued processes to measure the convergence
of least-squares and Yule-Walker estimates for a simple one stage autoregressive model (i.e.
an AR(1) model). We focus solely on the least-squares estimates in the sequel. We provide
a brief, high-level qualitative comparison between these results and our own. The following
results may be of practical interest as autoregressive models and other time series models
are frequently applied to problems in econometrics [4, 50] and finance [45, 19].

The results we provide in this section are more general than those of Bercu and Touati
[8] in three ways. First, these authors assume that all noise variables are Gaussian, whereas
we allow the noise to be instead conditionally sub-Gaussian. Second, we handle a vector
autoregressive model, whereas Bercu and Touati [8] only handle the univariate case. Lastly,
we handle the problem of general autoregression with p-stages of lag, whereas Bercu and
Touati [8] only handle the case p = 1. Our bounds are also different than those of Bercu and
Touati [8] in that they are derived in terms of the predictable covariance associated with
observations, whereas those of Bercu and Touati [8] are stated in terms of total number
of observations. With these comparisons in hands, we now describe the p-stage vector
autoregressive model (hereinafter referred to as VAR(p) for short).

Model 5.6. A p stage vector-valued autoregressive model, denoted by VAR(p), is an
Rd-valued process (Yt)t≥−p+1 such that Y−p+1, . . . , Y0 ∈ Rd and Yt :=

∑p
i=1AiYt−i + ϵt where

(a) Ai ∈ Rd×d are fixed matrices for all i ∈ [p], and (b) ϵt satisfies logEt−1 exp{λ⟨ν, ϵt⟩} ≤ λ2

2
,

where ν ∈ Sd−1 and λ ∈ [0, λmax). In the above, Et−1[·] := E (· | Ft−1), where (Ft)t≥0 is the
filtration given by Ft := σ(Ys : −p+ 1 ≤ s ≤ t), for any t ≥ 1.

For more details on vector autoregressive models, see [29]. In words, a process (Yt)t≥0

satisfies the conditions of a p-stage autoregressive (or VAR(p)) model if Yt is a linear function
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of Yt−1, . . . , Yt−p plus mean zero noise. In the above, the values Y−p+1, . . . , Y0 are treated
as fixed nonrandom vectors, as is typical in much of the time series analysis literature.
However, all results in the sequel still hold if Y−p+1, . . . , Y0 are random variables that are
independent of the noise sequence (ϵt)t≥1. Typically, the VAR(p) model also admits a vector
mean parameter µ ∈ Rd, having the relationship Yt = µ+

∑p
i=1ApYt−p+ ϵt for all t ≥ 1, but

we omit this to simplify exposition.
The goal of the statistician running an autoregressive model is twofold: (a) to estimate

the unknown matrix parameters A1, . . . , Ap, and (b) to calibrate confidence in his estimates.
Before discussing classical approaches to estimating these parameters, we simplify notation.
We define the “stacked” transition matrix Π ∈ Rd×dp and process vectors (Xt)t≥1 ∈ Rdp by

Π := (A1, . . . , Ap) and Xt := (Yt−1, Yt−2, . . . , Yt−p)
⊤ .

For i ∈ [d], we denote by π(i) ∈ Rdp the ith row of the stacked matrix Π. We likewise denote
by ϵt(i) ∈ R the ith component of the noise vector ϵt and Xt(i) the ith component of the
state vector Xt. Let Xt ∈ Rt×dp be the matrix with X1, . . . , Xt as its rows, and let Yt ∈ Rt×d

have Y1, . . . , Yt as its rows. For i ∈ [d], let Yt(i) ∈ Rt denote the ith column of Yt.
If (ϵt)t≥1 are i.i.d. N (0, σ2Id) with known standard deviation σ, it is well-known (see

Hamilton [29], Chapter 11) that the maximum likelihood estimate for Π at time t ≥ 1, for

now denoted Π̂t, has rows π̂t(i) that are just the least-squares estimates given by

π̂t(i) :=
(
X⊤
t Xt

)−1
X⊤
t Yt(i). (3)

It thus makes sense to study the convergence on these row-wise estimates in the remainder
of this section. We focus on studying the convergence of a single row estimate, as the general
case follows from union-bounding over the validity of the d row estimates. The proof of the
following is a straightforward consequence of Theorem 5.2, and we provide the brief proof of
the result in Appendix B.

Corollary 5.7. For a fixed coordinate i ∈ [d], let (π̂t(i))t≥1 be the sequence of estimates
outlined in (3). Let ρ > 0 and δ ∈ (0, 1) be arbitrary. Define the covariance process (Vt)t≥1

by Vt := X⊤
t Xt. Then, with probability at least 1− δ, simultaneously for all t ≥ 1, we have

∥(Vt ∨ ρIdp)1/2(π̂t(i)− π(i))∥ ≤ 1

1− ϵ

√
2αLρ(Vt) +

√
ρ∥θ∗∥1γmin(Vt)<ρ,

where the parameters α, ϵ, β, h and the function Lρ (which partially masks parameter depen-
dence) are as outlined in Theorem 4.1.

We now compare Corollary 5.7 to traditional asymptotic analyses of equation estimation
in the VAR(p) model. First, note that, in Model 5.6 and Corollary 5.7, we place no assump-
tions on the matrices A1, . . . , Ap ∈ Rd×d. This is in contrast to typical asymptotic analyses,
which must assume that all solutions z ∈ C to the equation

det(Id + A1z + A2z
2 + · · ·+ Apz

p) = 0 (4)

have modulus |z| > 1 (which we assume holds for validity of the following comparison). In the
setting of independent Gaussian noise, as discussed above, the stacked process (Xt)t≥1 is er-
godic and admits some stationary distribution π over Rdp. It is known is known that, for any
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i ∈ [d],
√
tV 1/2(π̂t(i) − π(i)) ⇒ N (0, σ2Idp), where V = Eπ[XtX

⊤
t ] = limt→∞

1
t

∑t
s=1XsX

⊤
s

(the final equality comes from the ergodicity of (Xt)t≥1). For large t, one would thus expect

that ∥V 1/2
t (π̂t(i)− π(i))∥ ≲

√
dp with high probability.

We compare our non-asymptotic bounds to this rate. Observe that, Corollary 5.7 yields
that, with high-probability, simultaneously for all t ≥ 1,

∥V 1/2
t (π̂i(t)− π(i))∥ = O

(√
dp log κ(Vt) + log log (γmax(Vt))

)
.

If limt→∞
1
t

∑t
s=1XsX

⊤
s = V for some fixed positive-definite matrix V (as will be the case if

the ϵt are i.i.d.) and t is a sufficiently large “target round”, we can view the above as stating

∥V 1/2
t (π̂i(t)−π(i))∥ is bounded above by a term growing like O(

√
log log γmax(t) + dp) (since

κ(Vt) = κ(V ) = O(1) for large t, almost surely). As expected in time-uniform concentration,
the bounds presented in Corollary 5.7 are looser than those provided by the central limit
theorem by a doubly logarithmic factor.

Comparison with Existing Bounds: We lastly make a brief comparison with the bounds
of Bercu and Touati [8] in the univariate case. In this case, the autoregressive model is
parameterized by a scalar a ∈ R instead of a sequence of matrices. We thus denote the

least-squares estimator of a at time t ≥ 1 as ât :=
∑t

s=1Xt−1Xt∑t
s=1X

2
t−1

, departing from our notation

of π̂t, which was relevant for estimating a row in a stacked matrix. We state the bound of
Bercu and Touati [8] for convenience.

Fact 5.8 (Corollary 5.2 of Bercu and Touati [8]). Suppose a ∈ R is fixed. Further,
suppose (Yt)t≥0 is given by Y0 ∼ N (0, 1) and Yt := aYt−1 + ϵt, where (ϵt)t≥1 are a sequence
of i.i.d. N (0, 1) random variables independent of Y0. Then, for any fixed x > 0 and t ≥ 1,
we have

P (|ât − a| ≥ x) ≤ 2 exp

{
−tx2

2(1 + yx)

}
,

where yx is the unique solution to the equation ψ∗
P,1(yx) = x2, where we recall ψ∗

P,1(u) =
(1 + u) log(1 + u)− u.

We draw several high-level comparisons between the bounds. First, the bound in Corol-
lary 5.7 is self-normalized, being defined in terms of the empirical variance Vt =

∑t
s=1 Y

2
s−1.

The bound in Fact 5.8, on the other hand, depends just on the number of samples used to
construct the least-squares estimator, and thus is not self-normalized. Another difference
between the conclusions of Fact 5.8 and Corollary 5.7 is that Fact 5.8 holds only for an
individual, fixed sample size t ≥ 1 whereas Corollary 5.7 is valid for all t ≥ 1 simultaneously.
To use Fact 5.8 to obtain a time-uniform guarantee, one would need to use a union bound
argument to allocate the total failure probability over many rounds. The setting Fact 5.8
is also highly parametric, assuming that both the noise and initial state are i.i.d. Gaussian
random variables. Corollary 5.7, on the other hand, makes no such assumptions, allowing
an arbitrary initial state and conditionally sub-Gaussian noise variables.

An explicit comparison of the above bounds is difficult, but we can empirically compare
the bounds by simulating a simple AR(1) model. We provide such a comparison in Figure 3
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in Appendix D, which plots, for a fixed failure probability δ ∈ (0, 1) the autoregressive
guarantee from Corollary 5.7 against the corresponding guarantee provided by Fact 5.8. In
Subfigure 3(a) we plot the bound from Fact 5.8 without providing a union bound correction.
We thus emphasize that, as plotted, the boundary is only valid point-wise, and not for all
t ≥ 1 simultaneously or for arbitrary stopping times. In Subfigure 3(b), we make a union
bound correction. Figure 3 indicates that Corollary 5.7 performs similarly to Fact 5.8 when
specified to the scalar setting. We believe our bound may be preferable in application over
that of Fact 5.8 as it is not only significantly more general, but it also inherently adapts to
the variance of the observed autoregressive iterates.

6 A Self-Normalized, Multivariate Empirical Bernstein

Inequality for Bounded Vectors

We construct a multivariate empirical Bernstein inequality, extending the Theorem 4 of
Howard et al. [32] to higher dimensions. Empirical Bernstein-style bounds serve as a useful
tool in common statistical tasks such as forming confidence sequences for estimating unknown
means [58]. These bounds are of practical importance as they inherently adapt to the variance
of a sequence of observations. If actual observations are tightly clustered, the resulting
confidence bounds will be tighter. Likewise, if observations are well-dispersed, the resulting
confidence set will be more conservative. To apply empirical Bernstein these bounds, a
statistician must only know that the observations belong to a some bounded set.

To the best of our knowledge, we provide the first multivariate, self-normalized empirical
Bernstein. Existing bounds either only hold in the scalar setting [58, 32], or do not normalize
the quantity being estimated by the accumulated variance process (See, for instance, the
work of Cutkosky [16] in the case of Hilbert space-valued variables). Providing confidence
ellipsoids for mean estimation is desirable as it allows the confidence sets to reflect the “total
amount of information” gathered in any given direction.

We now present the primary result of this section. In our result, we focus on the case
where all observations have norm bounded above by 1/2 for simplicity. This is mostly for
theoretical convenience. While the more general setting where (Xt)t≥1 belongs to some
bounded, convex set is of interest, it can be readily analyzed by reducing to the case where
observations lie in 1

2
Bd4.

For the remainder of this section, we adopt the notation ℓδρ and Lδρ instead of ℓρ and
Lρ to explicitly make known the dependence on the confidence parameter δ. We make this
dependence explicit as we will be union bounding in the sequel, and thus it will be useful to
track the dependence.

4If (Xt)t≥1 lies in some arbitrary convex, bounded set K ⊂ Rd, we can first compute the outer John
ellipsoid E of K, which is the minimal volume ellipsoid containing the convex set K [33]. In many settings,
such as in the setting where K belongs to certain families of polytopes, there are computationally efficient
algorithms that compute E [15, 53]. With E at hand, we can “recenter” our observations by defining a new
sequence (X ′

t)t≥0 by X ′
t := Xt − p, where p :=

∫
E
xdx is the center of mass of E. We then have the equality

E − p = 1
2A

1/2Bd, where A is some positive semi-definite matrix. We thus transform our observations into

a final sequence (X ′′
t )t≥0 defined by X ′′

t := A−1/2(Xt − p), which lies almost surely in 1
2Bd.
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Theorem 6.1. Let (Xt)t≥1 be a sequence of random vectors in Rd such that ∥Xt∥ ≤ 1/2
almost surely, for all t ≥ 1, and let (Ft)t≥0 be a filtration to which (Xt)t≥1 is adapted.
Then, the process (St)t≥0 given by St :=

∑t
s=1(Xs−Es−1Xs) is sub-ψE,1 with variance proxy

(Vt)t≥0 given by Vt :=
∑t

s=1(Xs − µ̂s−1)(Xs − µ̂s−1)
⊤, where µ̂t := t−1

∑t
s=1Xs. Thus, by

Theorem 4.1, for any fixed choice of parameters ρ, α, δ, β, ϵ, h, we have

P

(
∃t ≥ 0 :

∥∥(Vt ∨ ρ)−1/2St
∥∥ ≥

√
γmin(Vt ∨ ρ)
1− ϵ

· (ψ∗
E,1)

−1

(
αLδρ(Vt)

γmin(Vt ∨ ρ)

))
≤ δ.

In particular, since a sub-ψE,1 process is sub-ψG,1, this implies that, with probability at
least 1− δ, simultaneously for all t ≥ 0,

∥(Vt ∨ ρ)−1/2St∥ ≤
√

2αLδρ(Vt) +
αLδρ(Vt)

γmin(Vt ∨ ρ)
.

We now compare the bound presented in Theorem 6.1 to existing empirical Bernstein-
style results. In particular, our main point of comparison will be the following, scalar-valued
bound from Howard et al. [32].

Proposition 6.2 ([32, Theorem 4]). Suppose (Xt)t≥1 satisfies Xt ∈ [−1/2, 1/2] almost
surely for all t ≥ 1, and let (St)t≥0, (µ̂t)t≥0, and (Vt)t≥0 be as in Theorem 6.1. For any choice
of parameters α, δ, h, ρ, we have with probability at least 1− δ, simultaneously for all t ≥ 1,

|St| ≤
√
k21(Vt ∨ ρ)ℓ2δρ (Vt) + k22ℓ

2δ
ρ (Vt)

2 + k2ℓ
2δ
ρ (Vt),

where k1 :=
α1/4+α−1/4

√
2

, k2 :=
√
α+1√
2
, and ℓδρ is as given in Theorem 3.1.

Note that ℓ2δρ appears as opposed to ℓδρ in Proposition 6.2 due to an application of a a
union bound in controlling both the upper and lower tail of St. In the case d = 1, Theo-

rem 6.1 yields that, with probability at least 1−δ, |St| ≤ 1
1−ϵ

[√
2α(Vt ∨ ρ)Lδρ(Vt) + Lρ(Vt)

]
.

This serves as a sanity check, showing that up to small constants, the univariate bound
presented in Theorem 6.1 is equivalent to that in Proposition 6.2. While one may expect
the bound from Proposition 6.2 to be tighter for large values of Vt (as discussed in Sec-
tion 3.1), this multiplicative gap can be made arbitrarily small by appropriately selecting
tuning parameters.

7 Proofs of Main Results

In this section, we provide the proofs of what we view as the primary two results of this
paper: Theorem 3.1 and Theorem 4.1. We additionally prove Corollary 4.6, which, while
not a primary contribution of this work, has a proof that is similar in spirit to the other two
results derived in this section. We start with the proof of Theorem 3.1, as the scalar bounds
derived will play an integral role in the proof of Theorem 4.1
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Proof of Theorem 3.1. First, observe that it suffices to show that, in the case (St, Vt)t≥0

is sub-ψ and Vt ≥ 1, ∀t ≥ 0, we have

P
(
∃t ≥ 0 : St ≥ Vt · (ψ∗)−1

(
α

Vt
ℓ1(Vt)

))
≤ δ, (5)

because, in the general case, we can consider the rescaled process (S ′
t, V

′
t ) := (St/

√
ρ, (Vt ∨

ρ)/ρ)t≥0 and apply the concentration result from the case where ρ = 1. In more detail,
clearly by construction V ′

t ≥ 1 for all t ≥ 1, and by Proposition 2.3, we know (S ′
t, V

′
t )t≥0 is

sub-ψρ, where we recall ψρ(·) = ρψ(·/√ρ). Thus, noting that (ψ∗
ρ)

−1(x) =
√
ρ(ψ∗)−1(x/ρ)

(Proposition A.2), we have

δ ≥ P
(
∃t ≥ 0 : S ′

t ≥ V ′
t · (ψ∗

ρ)
−1

(
α

V ′
t

ℓ1(V
′
t )

))
= P

(
∃t ≥ 0 :

St√
ρ
≥ Vt ∨ ρ

ρ
·
(
ψ∗
ρ

)−1
(

αρ

Vt ∨ ρ
ℓ1

(
Vt ∨ ρ
ρ

)))
= P

(
∃t ≥ 0 :

St√
ρ
≥ Vt ∨ ρ

ρ

√
ρ · (ψ∗)−1

(
α

Vt ∨ ρ
ℓρ(Vt)

))
= P

(
∃t ≥ 0 : St ≥ (Vt ∨ ρ) · (ψ∗)−1

(
α

Vt ∨ ρ
ℓρ(Vt)

))
,

which demonstrates the claimed bound in the theorem statement. Thus, going forward, we
just prove the bound presented in (5).

For k ∈ N0, define the “intercept and slope” pair (xk,mk) by

xk := αk(ψ∗)−1

(
log(h(k)/δ)

αk

)
, mk := αk,

and define gk : R≥0 → R≥0 by

gk(v) := xk + s

(
xk
mk

)
(v −mk),

where s is the “slope transform” outlined in Appendix A. Since we have assumed limλ↑λmax ψ
′(λ) =

∞, we can apply Lemma A.5 to obtain

P (∃t ≥ 0 : St ≥ gk(Vt)) ≤ exp

{
−mkψ

∗
(
xk
mk

)}
=

δ

h(k)
.

Now, since s(u) ≤ u (Proposition A.6), observe that for αk ≤ v < αk+1, we have

min
j∈N0

gj(v) ≤ gk(v) = xk + s

(
xk
mk

)
(v −mk)

≤ xk +
xk
mk

(v −mk) = v
xk
mk

(6)

= v · (ψ∗)−1

(
log(h(k)/δ)

αk

)
≤ v · (ψ∗)−1

(
α

v
log

(
h(logα(v))

δ

))
= v · (ψ∗)−1

(α
v
ℓ1(v)

)
,
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where the third inequality comes from the fact k ≤ logα(v), h is increasing, and v ≤ αk+1.
Now, observe that we have, by a union bound

P
(
∃t ≥ 0 : St ≥ Vt · (ψ∗)−1

(
αℓ1(Vt)

Vt

))
≤ P

(
∃t ≥ 0 : St ≥ min

k∈N0

gk(Vt)

)
= P

( ⋃
k∈N0

{∃t ≥ 0 : St ≥ gk(Vt)}

)
≤
∑
k∈N0

P(∃t ≥ 0 : St ≥ gk(Vt))

≤ δ
∑
k∈N0

h(k)−1 ≤ δ,

completing the proof. ■

We now go about proving Theorem 4.1. Before proving the theorem, we state a simple
geometric lemma that will be needed in proving our result. In short, the following lemma
states that a certain change of variables on Sd−1 does not increase the distance between
points of a covering to a significant degree. We prove the following in Appendix C.

Lemma 7.1. Let K be a proper ϵ-cover of Sd−1, and let π : Sd−1 → K be a projection
mapping onto the cover K. Let T be a positive-definite matrix, and let κ := γmax(T )

γmin(T )
denote

its condition number. Let πT : Sd−1 → Sd−1 be defined as πT (ν) :=
T 1/2π(ω)

∥T 1/2π(ω)∥ , where ω ∈ Sd−1

is the unique element satisfying

ν =
T 1/2ω

∥T 1/2ω∥
. (7)

Then, for any ν ∈ Sd−1, we have

∥ν − πT (ν)∥ ≤
√
κϵ.

With the above lemma we can now prove the main result of the paper.

Proof of Theorem 4.1. Observe that if (St, Vt)t≥0 is a sub-ψ process (in the sense of Defini-
tion 2.2), then so is (St, Vt ∨ ρId), so it suffices to assume Vt ⪰ ρId going forward.

For j ∈ N0, let Kj be a fixed, minimal proper ϵ
βj -cover of the unit sphere Sd−1, and let

Nj := N(Sd−1, ϵ/βj, ∥ · ∥). Let ℓ
(j)
ρ : R≥0 → R≥0 be the function ℓρ defined in Theorem 3.1

with δ set to the value δj defined by

δj :=

(
1− β−1

βj

)
δ/Nj.

That is, ℓ
(j)
ρ is the function given by

ℓ(j)ρ (v) := log

(
h

(
logα

(
v ∨ ρ
ρ

)))
+ log

(
1

δj

)
= log

(
h

(
logα

(
v ∨ ρ
ρ

)))
+ log

(
βj

δ(1− β−1)
Nj

)
.
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Now, since (St, Vt)t≥0 is an Rd-valued sub-ψ process, by Definition 2.2, we know that, for
any fixed ν ∈ Sd−1, (⟨ν, St⟩, ⟨ν, Vtν⟩)t≥0 is sub-ψ in the scalar sense of Definition 2.1. Hence,
by applying Theorem 3.1, for any fixed ν ∈ Sd−1, we have

P
(
∃t ≥ 0 : ⟨ν, St⟩ ≥ ⟨ν, Vtν⟩ · (ψ∗)−1

(
α

⟨ν, Vtν⟩
ℓ(j)ρ (⟨ν, Vtν⟩)

))
≤
(
1− β−1

βj

)
δ/Nj. (8)

Noting that ⟨ν, Vtν⟩ ≤ γmax(Vt) for all ν ∈ Sd−1 and that (ψ∗)−1 is an increasing function

of its argument, we see that (8) still holds with ℓ
(j)
ρ (⟨ν, Vtν⟩) replaced by ℓ

(j)
ρ (γmax(Vt)).

Now, for each j ∈ N0, define the “bad” event Bj as

Bj :=

{
∃t ≥ 0, ν ∈ Kj : ⟨ν, St⟩ ≥ ⟨ν, Vtν⟩ · (ψ∗)−1

(
α

⟨ν, Vtν⟩
ℓ(j)ρ (γmax(Vt))

)}
.

A straightforward union bound over the Nj elements of the cover Kj alongside (8) yields

that P(Bj) ≤ 1−β−1

βj δ. Defining now the global “bad” event B as

B :=

{
∃j ∈ N0,∃ν ∈ Kj,∃t ≥ 0 : ⟨ν, St⟩ ≥ ⟨ν, Vtν⟩ · (ψ∗)−1

(
α

⟨ν, Vtν⟩
ℓ(j)ρ (γmax(Vt)⟩)

)}
=
⋃
j∈N0

Bj.

An additional straightforward union bound over indices j ∈ N0 yields

P(B) = P

(⋃
j∈N0

Bj

)
≤
∑
j∈N0

P(Bj) ≤ (1− β−1)δ
∑
j∈N0

β−j = δ.

Now, for j ∈ N0 and t ≥ 0, let π
(j)
t := πVt be the projection mapping from Sd−1 onto the

finite set Kj(t) :=
{
V

1/2
t ν/∥V 1/2

t ν∥ : ν ∈ Kj

}
⊂ Sd−1, as in Lemma 7.1. Note that while

Kj(t) is a random subset of the unit sphere (through its dependence on the “accumulated
variance” operator Vt at time t), the underlying ϵ

βj -cover Kj of Sd−1 is fixed. Further, for

j ∈ N0 and t ≥ 0, define the event Ej(t) by

Ej(t) :=
{
βj ≤

√
κ(Vt) < βj+1

}
.

On the event Ej(t), for any j ∈ N0 and t ≥ 0, we have∥∥∥V −1/2
t St

∥∥∥ = sup
ω∈Sd−1

〈
ω, V

−1/2
t St

〉
= sup

ω∈Sd−1

{〈
ω − π

(j+1)
t (ω), V

−1/2
t St

〉
+
〈
π
(j+1)
t (ω), V

−1/2
t St

〉}
≤ sup

ω∈Sd−1

∥∥∥ω − π
(j+1)
t (ω)

∥∥∥ · ∥∥∥V −1/2
t St

∥∥∥+ sup
ω∈Kj+1(t)

〈
ω, V

−1/2
t St

〉
≤ ϵ

βj+1

√
κ(Vt)

∥∥∥V −1/2
t St

∥∥∥+ sup
ν∈Kj+1

〈
V

1/2
t ν

∥V 1/2
t ν∥

, V
−1/2
t St

〉

≤ ϵ
∥∥∥V −1/2

t St

∥∥∥+ sup
ν∈Kj+1

⟨ν, St⟩√
⟨ν, Vtν⟩

.
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In the above, the first equality comes from the variational representation of the norm ∥ · ∥
and the second equality comes from adding and subtracting

〈
π
(j+1)
t (ω), V

−1/2
t St

〉
. Further,

the first inequality comes from splitting the supremum and applying Cauchy-Schwarz to the

first term, the second inequality comes from applying Lemma 7.1 to
∥∥∥ω − π

(j+1)
t (ω)

∥∥∥ and

applying the definition of Kj+1(t), and the final inequality comes from simplifying the second

term and from observing that, on the event Ej(t),
√
κ(Vt) < βj+1.

Further, observe that, on the event Ej(t), we have the inequality

ℓ(j+1)
ρ (γmax(Vt)) = log

(
h

(
logα

(
γmax(Vt) ∨ ρ

ρ

)))
+ log

(
1

δ(1− β−1)

)
+ log

(
Njβ

j+1
)

≤ log

(
h

(
logα

(
γmax(Vt) ∨ ρ

ρ

)))
+ log

(
1

δ(1− β−1)

)
+ log

(
β
√
κ(Vt)Nd−1

(
ϵ

β
√
κ(Vt)

))
= Lρ(Vt).

In the above, the inequality follows from observing that βj ≤
√
κ(Vt). From this, rear-

ranging, we see that, for any j ∈ N0 and t ≥ 0, on the event Ej(t) ∩Bc we have

∥∥∥V −1/2
t St

∥∥∥ ≤ 1

1− ϵ
sup

ν∈Kj+1

⟨ν, St⟩√
⟨ν, Vtν⟩

≤ 1

1− ϵ
sup

ν∈Kj+1

√
⟨ν, Vtν⟩ · (ψ∗)−1

(
α

⟨ν, Vtν⟩
ℓρ(γmax(Vt))

)
≤ 1

1− ϵ
sup

ν∈Kj+1

√
⟨ν, Vtν⟩ · (ψ∗)−1

(
α

⟨ν, Vtν⟩
Lρ(Vt)

)
≤ 1

1− ϵ
sup
ν∈Sd−1

√
⟨ν, Vtν⟩ · (ψ∗)−1

(
α

⟨ν, Vtν⟩
Lρ(Vt)

)
.

If (jt)t∈N0 is any sequence of natural numbers, and we define G(jt) :=
⋂
t≥0 {Ejt(t) ∩Bc},

it is clear that, on the event G(jt), the inequality∥∥∥V −1/2
t St

∥∥∥ ≤ 1

1− ϵ
sup
ν∈Sd−1

√
⟨ν, Vtν⟩ · (ψ∗)−1

(
α

⟨ν, Vtν⟩
Lρ(Vt)

)
(9)

holds simultaneously for all t ≥ 0. Noting that we have the identity Bc =
⊎

(jt)t∈N0
G(jt) yields

that (9) actually holds simultaneously for all t ≥ 0 on the event Bc. What we have done
in the above is break the “good” event Bc into geometric buckets based on the condition
number at each time, and then noted that the regardless of the realized sequence of condition
numbers (κ(Vt))t≥0, the target inequality holds.

This proves the claim for arbitrary CGF-like functions ψ, which is presented following
Theorem 4.1. Now, if we further assume ψ is super-Gaussian, on the event Bc defined above,
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we have ∥∥∥V −1/2
t St

∥∥∥ ≤ 1

1− ϵ
sup
ν∈Sd−1

√
⟨ν, Vtν⟩ · (ψ∗)−1

(
α

⟨ν, Vtν⟩
Lρ(Vt)

)
=

1

1− ϵ
sup

x∈[γmin(Vt),γmax(Vt)]

√
x · (ψ∗)−1

(α
x
Lρ(Vt)

)
.

Now, by Lemma A.3, we know the assumption that ψ is a super-Gaussian CGF-like function
implies that ψ∗ is a sub-Gaussian CGF-like function. Moreover by the same proposition, we
see that ψ∗(C·) is a sub-Gaussian CGF-like function for any positive C > 0. Consequently,
by Proposition A.3, we see that (ψ∗)−1(Cu)/

√
u is an increasing function of u, and thus by

making the change of variable x := 1
u
, that

√
x(ψ∗)−1

(
C
x

)
a decreasing function of x. Thus,

we have that, on the event Bc (which, we recall, occurs with probability at least 1− δ)∥∥∥V −1/2
t St

∥∥∥ ≤ 1

1− ϵ
sup

x∈[γmin(Vt),γmax(Vt)]

√
x·(ψ∗)−1

(α
x
Lρ(Vt)

)
≤
√
γmin(Vt)

1− ϵ
·(ψ∗)−1

(
α

γmin(Vt)
Lρ(Vt)

)
simultaneously for all t ≥ 0, proving the desired result. A symmetric argument holds in the
case that the CGF-like function ψ is instead sub-Gaussian, with γmax(Vt) replacing γmin(Vt)
in the final inequality.

■

Lastly, we prove Corollary 4.6, which in turn can be used to derive Corollary 3.2. While
we do not consider this corollary a primary contribution of our work, we include the proof
in this section due to its closeness (in spirit) to the previous two proofs.

Proof of Corollary 4.6. Recalling that (ψ∗
N)

−1(u) =
√
2u, the assumption that ψ(λ) ∼ λ2

2

implies there, for any η > 0, there exists an u ∈ R>0 such that

(ψ∗)−1(u) ≤ (1 + η)(ψ∗
N)

−1(u) = (1 + η)
√
2u

for all u ∈ [0, u]. Let (αn)n≥1, (sn)n≥1, (ϵn)n≥1, and (βn)n≥1 be such that αn, sn, βn ↓ 1
and ϵn ↓ 0 monotonically and let (δn)n≥1 be such that (a) δn ↓ 0 monotonically and (b)∑∞

n=1 δn <∞. Define the sequence of functions hn : N0 → R≥0 by hn(m) := ζ(sn)(1+m)sn .
Let Tn be the (almost surely finite) random time given by

Tn := inf
{
t ≥ 0 :

α

γmin(Vt′)
L1(Vt′) ≤ u ∀t′ ≥ t, and

log

(
Cdζ(sn)

δn(log(αn))sn(1− β−1
n )

)
+ d log

(
3βn
ϵn

)
≤ sn

n
log log(γmax(Vt))

}
.

Theorem 4.1 instantiated with the covering number bound in Lemma 4.2 implies that, with
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probability at least 1− δn, simultaneously for all t ≥ Tn, we have∥∥∥V −1/2
t St

∥∥∥ ≤
√
γmin(Vt)

1− ϵn
· (ψ∗)−1

(
αn

γmin(Vt)
L1(Vt)

)

≤ 1 + η

1− ϵn

√√√√2αn

[
sn log log(Vt) + log

(
Cdζ(sn)

δn(log(αn))sn(1− β−1
n )

)
+ d log

(
3βn
√
κ(Vt)

ϵn

)]

≤ 1 + η

1− ϵn

√
2αnsn

(
1 +

1

n

)
log log(Vt) + αnd log κ(Vt).

Thus, for n ≥ 1, define the event An by

An =

{
∃t ≥ Tn :

∥∥∥V −1/2
t St

∥∥∥ ≥ 1 + η

1− ϵn

√
2αnsn

(
1 +

1

n

)
log log(Vt) + αnd log κ(Vt)

}
,

and observe that by the above argument P(An) ≤ δn. Note that, for arbitrary γ > 1, we
have

Aγ :=
{
∥V −1/2

t St∥ > (1 + η)
√
γ [2 log log(Vt) + d log κ(Vt)] i.o.

}
⊂ lim sup

n→∞
An :=

⋂
n≥1

⋃
k≥n

Ak,

where i.o. denotes an event occurring infinitely often. By the first Borel-Cantelli lemma (see
Durrett [26], Chapter 2) we have

P(Aγ) ≤ P

(⋂
n≥1

⋃
k≥n

Ak

)
= 0,

since
∑∞

n=1 P(An) ≤
∑∞

n=1 δn <∞. Thus, with probability 1, we have

lim sup
t→∞

St

(1 + η)
√
γ [2 log log(Vt) + d log κ(Vt)]

≤ 1,

but since η > 0 and γ > 1 where arbitrary, the result follows.
■

8 Conclusion and Discussion

Self-normalized quantities arise naturally in a variety of high-dimensional statistical tasks,
with online learning [3, 1, 61, 12, 14], time series analysis [8, 50], and hypothesis test-
ing [51, 52, 48, 58] being several notable examples. Despite their crucial role in common
statistical tasks, very little has been explored in terms of self-normalized concentration out-
side of the sub-Gaussian setting. In this paper, we present a time-uniform, self-normalized
concentration for sub-ψ processes, i.e. processes whose increments, roughly, have cumulant
generating function bounded by ψ. Our results are closed form, have small constants, and
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have parameters that can be fine-tuned for a statistician’s desired application. Moreover,
with our bounds, we can establish an asymptotic law of the iterated logarithm for vector-
valued processes that recovers the law of iterated logarithm for scalar sub-ψ processes first
established by Howard et al. [32].

Along with our primary result on the self-normalized concentration of vector-valued pro-
cesses, we make variety of additional contributions. En route to proving Theorem 4.1, we
prove a non-asymptotic law of the iterated for sub-ψ processes, generalizing the results of
Howard et al. [32] beyond just the sub-Gamma setting. Likewise, we demonstrate how to
leverage our self-normalized inequalities in several practical statistical settings. In particular,
we derive non-asymptotically valid confidence ellipsoids for online linear regression, describe
how to construct confidence sets for vector autoregressive models, and prove a multivariate
empirical Bernstein inequality. There are undoubtedly many more settings in which our
bounds can be applied, and we leave the exploration of these applications for interesting
future work.

While the results presented in this paper are quite general, there are still many interesting
questions about self-normalized concentration to be answered. As a first example, existing
results on the self-normalized concentration of sub-Gaussian random vectors yield a bound

that is proportional to O
(√

log det(Vt)
)
[21, 22, 2]. This is in contrast to the results dis-

cussed in this work, which provide bounds of the form O
(√

log log γmax(Vt) + d log κ(Vt)
)
.

As discussed in Section 4, neither form of bound uniformly dominates the other. In par-
ticular, when Vt is well-conditioned, our concentration results may be preferable, but for
poorly-conditioned Vt, determinant rate bounds may be desirable. A major open question
is whether determinant rate bounds can be obtained for general sub-ψ processes, or if the
determinant rate is just attainable in the sub-Gaussian setting. The techniques discussed
in this paper do not seem directly applicable to this setting, and so we thus leave obtaining
determinant rate bounds as compelling future work.

This work demonstrates that simple, closed-form bounds on self-normalized processes can
be established under very general distributional assumptions. While existing works consider
a setting in which the increments of processes are sub-Gaussian, concentration of measure
should not be viewed as a “one size fits all” phenomenon. For instance, the noise observed
in taking real-world may not be sub-Gaussian, but rather perhaps sub-Exponential, sub-
Gamma, or even heavy tailed. Overall, our bounds provide a means by which the statistician
can properly calibrate confidence in these more delicate settings.
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A Properties of CGF-like Functions

The cumulant generating function (or CGF ) of a random variable plays an integral role in
understanding concentration of measure phenomena, such as through the classical Chernoff
style of argument [31, 11]. Suppose X is a random variable such that EX = 0, EeλX <∞ for
all λ ∈ [0, λmax), and limλ↑λmax EeλX = ∞. The cumulant generating function of X, which
can be thought of as “compressing” all of the moments of X into a single function, is the
mapping ψ : [0, λmax) → R≥0 given by ψ(λ) := logEeλX .

In this appendix, we study properties of cumulant generating function-like (or CGF-like)
functions, which are functions that may not be the CGF of any random variable, but display
similar analytic properties to CGFs. If ψ : [0, λmax) → R≥0 is the CGF of a random variable,
straightforward calculation yields that ψ(0) = ψ′(0) = 0, ψ′′(λ) > 0, and ψ is strictly convex.
As such, we say a twice continuously differentiable function ψ : [0, λmax) → R≥0 is CGF-
like if it obeys these aforementioned properties. We study various properties of CGF-like
functions in the sequel, as these properties form the foundation of our results studying the
self-normalized concentration of sub-ψ processes.

Proposition A.1. Suppose ψ : [0, λmax) → R≥0 is CGF-like. Then convex conjugate ψ∗ :
[0, umax) → R≥0 defined by ψ∗(u) := supλ∈[0,λmax) λu−ψ(u), is also CGF-like, where umax :=
supλ∈[0,λmax) ψ

′(λ).

Proof. Clearly ψ∗ is convex and twice continuously-differentiable. Next, observe that

ψ∗(0) = sup
λ∈[0,λmax)

{−ψ(λ)} = ψ(0) = 0.

Further, using the fact that (ψ∗)′ = (ψ′)−1, we have that

(ψ∗)′(0) = (ψ′)−1(0) = 0.

Lastly, we have that

(ψ∗)′′(0) = ((ψ′)−1)′(0) =
1

ψ′′((ψ′)−1(0))
=

1

ψ′′(0)
> 0.

Thus, ψ∗ is also CGF-like. ■

If ψ : [0, λmax) → R≥0 is CGF-like, then for any ρ > 0, the “rescaled” function ψρ :
[0,

√
ρλmax) → R≥0 given by ψρ(λ) := ρψ(λ/

√
ρ) is also CGF-like. These rescaled CGF-like

functions arise naturally in studying processes that have been re-normalized to have Vt ⪰ idH
for all t ≥ 0. These rescaled functions ψρ exhibit the following properties.
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Proposition A.2. Let ψ : [0, λmax) → R≥0 be CGF-like, and let ψρ : [0,
√
ρλmax) → R≥0 be

as above. The following hold.

1. ψρ is a CGF-like function.

2. ψ∗
ρ(u) = ρψ∗(u/

√
ρ).

3. (ψ∗
ρ)

−1(x) =
√
ρ(ψ∗)−1

(
x
ρ

)
.

Proof. The validity of the first claim follows immediately by the definition of a CGF-like
function.

To see the validity of the second claim, note that

ψ∗
ρ(u) = sup

λ∈[0,√ρλmax)

{
uλ− ρψ

(
λ
√
ρ

)}
.

Differentiating the inner expression on the right-hand side and setting equal to zero furnishes
that the supremum is obtained at λ =

√
ρ(ψ′)−1(u/

√
ρ). Plugging this back into the above

expression yields

ψ∗
ρ(u) =

√
ρu(ψ′)−1

(
u
√
ρ

)
− ρψ

(
(ψ′)−1

(
u
√
ρ

))
= ρ

[
u
√
ρ
(ψ′)−1

(
u
√
ρ

)
− ψ

(
(ψ′)−1

(
u
√
ρ

))]
= ρψ∗

(
u
√
ρ

)
,

which proves the second item.
Laslty, the third item can be readily checked as

ψ∗
ρ

(
√
ρ(ψ∗)−1

(
x

ρ

))
= ρ(ψ∗)

(√
ρ

√
ρ
(ψ∗)−1

(
x

ρ

))
= ρ

x

ρ
= x.

Applying (ψ∗
ρ)

−1 to both sides thus yields the desired result.
■

Throughout our work, we are especially interested in studying sub-ψ processes whose
increments exhibit tail behavior that is either “heavier” or “lighter” than that of a Gaus-
sian random-variable. More concretely, we study processes where ψ is a super-Gaussian
(respectively sub-Gaussian) CGF-like function, i.e. a CGF-like function where ψ(λ)

λ2
is a non-

decreasing (respectively non-increasing) function of λ. In words, a CGF-like function ψ is
super-Gaussian (or sub-Gaussian) if it increases more rapidly (less rapdily) than the CGF
of a standard normal random variable. We focus on super-Gaussian CGF-like functions in
the sequel, but exactly analogous results hold for sub-Gaussian CGF-like functions. Super-
Gaussian CGF-like functions enjoy a number of convenient properties and equivalent defini-
tions, which we enumerate below.
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Proposition A.3. Suppose ψ : [0, λmax) → R≥0 is a CGF-like function. The following hold.

1. ψ is super-Gaussian if and only if ψ′(λ) ≥ 2ψ(λ)
λ

.

2. If ψ is super-Gaussian, then so is φ := aψ(b·) : [0, λmax/b) → R≥0 for any a, b > 0.

3. If ψ is super-Gaussian, then ψ−1(x)√
x

is a decreasing function of x ∈ [0,∞).

4. ψ is super-Gaussian if and only if its convex conjugate ψ∗ is sub-Gaussian.

Proof. 1. Differentiating via the product rule yields(
ψ(λ)

λ2

)′

=
ψ′(λ)

λ2
− 2ψ(λ)

λ3
.

Consequently, we have (
ψ(λ)

λ2

)′

≥ 0 ⇔ ψ′(λ) ≥ 2ψ(λ)

λ
,

proving the desired result.

2. This result follows from the equivalent condition presented in the first part of the
proposition. In particular, observe that we have

φ′(λ) = abψ′(bλ) ≥ 2ab
ψ(bλ)

bλ
=

2φ(λ)

λ
,

proving the desired result.

3. Straightforward calculus yields(
ψ−1(x)√

x

)′

=
(ψ−1)′(x)√

x
− 1

2

ψ−1(x)

x3/2
=

1√
xψ′(ψ−1(x))

− 1

2

ψ−1(x)

x3/2
.

Next, the assumption of ψ being super-Gaussian yields

ψ′(ψ−1(x)) ≥ 2ψ(ψ−1(x))

ψ−1(x)
=

2x

ψ−1(x)
.

Combining these two panels furnishes(
ψ−1(x)√

x

)′

=
1√

xψ′(ψ−1(x))
− 1

2

ψ−1(x)

x3/2
≤ 1

2

ψ−1(x)

x3/2
− 1

2

ψ−1(x)

x3/2
= 0,

which is what we wanted.
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4. We prove the forward direction as the proof of the reverse direction is exactly analogous.
Recall that the super-Gaussianity of ψ implies that for all λ ∈ [0, λmax), we have

ψ′(λ) ≥ 2ψ(λ)
λ

. In particular, taking λ = (ψ∗)′(u) for u ∈ [0, umax) for umax := supλ ψ
′(λ)

yields:

u = ψ′((ψ′)−1(u)) = ψ′((ψ∗)′(u)) ≥ 2ψ((ψ∗)′(u))

(ψ∗)′(u)
.

Rearranging and noting that ψ = (ψ∗)∗ yields

(ψ∗)′(u) ≥ 2ψ((ψ∗)′(u))

u
=

2 supw∈[0,umax) {w(ψ∗)′(u)− ψ∗(w)}
u

≥ 2 {u(ψ∗)′(u)− (ψ∗)(u)}
u

= 2(ψ∗)′(u)− 2ψ∗(u)

u
.

Now, subtracting 2(ψ∗)′(u) from both sides yields

−(ψ∗)′(u) ≥ −2ψ∗(u)

u
.

Multiplying both sides by −1 furnishes the desired result.
■

We conclude this section by discussing the slope transform, a recently proposed transform
of a CGF-like function that can be used to construct time-uniform, line-crossing inequalities
for martingales [31].

Definition A.4. Suppose ψ : [0, λmax) → R≥0 is a CGF-like function. The slope transform
associcated with ψ is the mapping s : [0, umax) → R≥0 given by

s(u) :=
ψ ((ψ∗)′(u))

(ψ∗)′(u)
.

The slope transform, while abstract and perhaps a bit unintuitive in nature, is of great
utility in optimizing our time-uniform, scalar-valued inequalities in the main body of this
paper. In particular, we will leverage the following inequality in the proof of Theorem 3.1.
In the following, recall that for a fixed CGF-like function ψ : [0, λmax) → R≥0, we defined
the quantity umax as umax := supλ ψ

′(λ). For most examples considered in this paper (in
particular in the case of super-Gaussian ψ), umax = ∞.

Lemma A.5 (Howard et al. [31]). Suppose ψ : [0, λmax) → R≥0 is CGF-like, and suppose
(St, Vt)t≥0 is a sub-ψ process, per Definition 2.1. Then, for any m > 0, δ ∈ (0, 1), and any
x ∈ (0,mumax), we have

P
(
∃t ≥ 0 : St ≥ x+ s

( x
m

)
(Vt −m)

)
≤ exp

{
−mψ∗

( x
m

)}
.

While the slope transform s(u) may be a generally complicated function, the following
upper bound allows us to greatly simplify our analysis. It is proven in Howard et al. [31].

Proposition A.6. Suppose ψ : [0, λmax) → R≥0 is CGF-like. Let s : [0, umax) → R≥0 be the
associated slope transform. Then, for any u ∈ [0, umax), s(u) ≤ u.
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B Proofs of Results from Sections 5 and 6

In this appendix, we provide proofs for all results related to applications of Theorem 4.1. We
start by proving the regression-based results from Section 5, and then move on to proving
our empirical Bernstein bound, as discussed in Section 6. We begin by providing practically-
relevant examples of when the residual process St =

∑t
s=1 ϵsXs defined in Model 5.6 is sub-ψ

with variance proxy Vt =
∑t

s=1XsX
⊤
s .

Proposition B.1. Suppose (Xt)t≥1, (ϵt)t≥1, and (Ft)t≥0 are as outlined in Model 5.1. Let
us define the residual process (St)t≥0 by St :=

∑t
s=1 ϵsXs and the covariance process (Vt)t≥0

by Vt :=
∑t

s=1XsX
⊤
s . Then, (St)t≥0 is sub-ψ with variance proxy (Vt)t≥0 if either of the

following conditions is satisfied.

1. (ϵt)t≥1 satisfies logEt−1 exp {λϵt} ≤ ψN(λ) for all t ≥ 1 and λ ≥ 0.

2. ∥Xt∥ ≤ 1 almost surely for all t ≥ 1 and (ϵt)t≥1 satisfies logEt−1 exp {λϵt} ≤ ψ(λ)
for all t ≥ 1 and λ ∈ [0, λmax), where ψ : [0, λmax) → R≥0 is some super-Gaussian
CGF-like function.

Proof. The proof of 1 is straightforward, so we just prove 2. Observe that, from the assump-
tion that ψ : [0, λmax) → R≥0 is a super-Gaussian CGF-like function, we have that, for any
λ1 < λ2 ∈ [0, λmax),

ψ(λ1)

λ21
≤ ψ(λ2)

λ22
.

Consequently, for any direction ν ∈ Sd−1, λ ∈ [0, λmax), and ∥x∥ ≤ 1, we have

ψ(λ⟨ν, x⟩)
λ2⟨ν, x⟩2

≤ ψ(λ)

λ2
.

Combining this with with the CGF bound on the noise variable ϵt presented in Proposi-
tion B.1 (along with the assumption that ∥Xt∥ ≤ 1), we have

logE
(
eλ⟨ν,Xt⟩ϵt | Ft−1

)
≤ ψ(λ⟨ν,Xt⟩) ≤ ⟨ν,Xt⟩2ψ(λ),

where in the above we have used the fact that Xt is Ft−1-measurable. This immediately
yields that, for any λ ∈ [0, λmax) and ν ∈ Sd−1, the process (Mλ,ν

t )t≥0 given by

Mλ,ν
t := exp

{
λ
∑
s≤t

ϵs⟨ν,Xs⟩ − ψ(λ)
∑
s≤t

⟨ν,Xs⟩2
}

= exp {λ⟨ν, St⟩ − ψ(λ)⟨ν, Vtν⟩}

is a non-negative supermartingale. Consequently, the scalar-valued process (⟨ν, St⟩, ⟨ν, Vtν⟩)t≥0

is sub-ψ for any ν ∈ Sd−1. Thus, by definition, the vector process (St, Vt)t≥0 is sub-ψ in the
vector-valued sense provided in Definition 2.2.

■

We now prove Theorem 5.2.
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Proof of Theorem 5.2. For a Hermitian matrix A ∈ Rd×d let A ∧ ρId be defined equiva-
lently to A∨ ρId except with the eigenvalue being set to γi(A)∧ ρ versus γi(A)∨ ρ. Observe
that we have the identity

A = A ∨ ρId + A ∧ ρId − ρId. (10)

Note that we can write the difference between our estimate and the true slope parameter as

θ̂t − θ∗ = (Vt ∨ ρId)−1X⊤
t (Xtθ

∗ + ϵ1:t)− θ∗

= (Vt ∨ ρId)−1(X⊤
t Xt ∨ ρId +X⊤

t Xt ∧ ρId − ρId)θ
∗ + (Vt ∨ ρId)−1St − θ∗

= (Vt ∨ ρId)−1
(
X⊤
t Xt ∧ ρId − ρId

)
θ∗ + (Vt ∨ ρId)−1St,

where in the above we have defined the “residual process” (St)t≥0 as St :=
∑t

s=1 ϵsXs ∈ Rd.
In the above, the second line follows from the first by applying the equality outlined in
Equation (10), the third follows from the second by recalling Vt = X⊤

t Xt and noting a
cancellation between the first and last term.

Thus, applying the triangle inequality gives us

∥(Vt ∨ ρId)1/2(θ̂t − θ∗)∥ ≤ ∥(Vt ∨ ρId)−1/2(X⊤
t Xt ∧ ρId − ρId)θ

∗∥+ ∥(Vt ∨ ρId)−1/2St∥
≤ √

ρ∥θ∗∥1γmin(X
⊤
t Xt)<ρ + ∥(Vt ∨ ρId)−1/2St∥,

where the second line follows from the first via straightforward algebraic manipulation and
bounding. What remains is to bound ∥(Vt ∨ ρId)−1/2St∥. But since we have assumed (St)t≥0

is sub-ψ with variance proxy (Vt)t≥0, Theorem 4.1 implies that, with probability at least
1− δ, simultaneously for all t ≥ 1, we have

∥(Vt ∨ ρId)−1/2St∥ ≤
√
γmin(Vt ∨ ρId)

1− ϵ
· (ψ∗)−1

(
α

γmin(Vt ∨ ρId)
Lρ(Vt)

)
,

which finishes the proof. ■

We now prove Corollary 5.4. The proof below is almost identical to the proof of Theo-
rem 5.2, modulo slight modifications, so omit many details.

Proof of Corollary 5.4. Using a similar line of reasoning, we see that we have the (de-
terministic) inequality

∥(Vt + ρId)
1/2(θ̃t − θ∗)∥ ≤ ρ∥(Vt + ρId)

−1/2θ∗∥+ ∥(Vt + ρId)
−1/2St∥

≤ √
ρ∥θ∗∥+ ∥(Vt + ρId)

−1/2St∥,

where (St)t≥0 is the residual process outlined in the proof of Theorem 5.2. The result now
follows by noting that (St, Vt)t≥0 is sub-ψ in the vector-sense of Definition 2.2. ■

What remains is to prove Corollary 5.7, which concerns the estimation of model param-
eters in the VAR(p) model. The proof of the corollary just involves casting the estimation
of model parameters in terms of the online linear regression model, i.e. Model 5.1. By the
assumption that ψ = ψN , per the discussion following the statement of Theorem 5.2, it is
not necessary to assume ∥Xt∥ ≤ 1 for all t ≥ 1.
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Proof of Corollary 5.7. Let (Ft)t≥0 be the filtration outlined in Model 5.6, i.e. Ft :=
σ(Ys : −p+1 ≤ s ≤ t). Note that the Rk-valued sequence (Xt)t≥1 is (Ft)t≥1-predictable and
the Rd-valued noise sequence (ϵt)t≥1 is (Ft)t≥0-adapted. Further noting the identity

Yt(i) = ⟨π(i), Xt⟩+ ϵt,

we see that we are exactly in the setting of Model 5.1. Thus, applying Theorem 5.2 yields
the desired result. ■

Lastly, we prove Theorem 6.1, which provides a self-normalized, time-uniform empirical
Bernstein inequality for multivariate processes. In the proof of Theorem 6.1, we will need
the following lemma, which can be extracted from the proof of Theorem 4 in Howard et al.
[32], which in turn generalizes a result by Fan et al. [27].

Lemma B.2 (Theorem 4 of Howard et al. [32]). Let (Xt)t≥0 be a real-valued sequence of
random variables adapted to some filtration (Ft)t≥0. Suppose that |Xt| ≤ 1/2 almost surely
for all t ≥ 1. Then, for any λ ∈ [0, λ), the process

Lλt := exp

{
λ
∑
s≤t

(Xs − Es−1Xs)− ψE,1(λ)
∑
s≤t

(Xs − µ̂s−1)
2

}

is a non-negative supermartingale with respect to (Ft)t≥0. Consequently,
(∑t

s=1(Xs − Es−1Xs)
)
t≥0

is sub-ψE,1 with variance proxy
(∑t

s=1(Xs − µ̂s−1)
2
)
t≥0

.

We now prove Theorem 6.1. All we need to do in the proof is check that the process
(St, Vt)t≥0 is sub-ψE in the sense of Definition 2.2. This boils down to checking that the pro-
jection of (St, Vt)t≥0 onto any direction vector is sub-ψE in the scalar sense. With Lemma B.2
in hand, checking this condition becomes trivial.

Proof. To prove the result, it suffices to check that (St, Vt) is sub-ψE,1, per Definition 2.2.
Thus, we show that, for any ν ∈ Sd−1, (⟨ν, St⟩, ⟨ν, Vtν⟩)t≥0 is sub-ψE,1 in the sense of Defini-
tion 2.1. Clearly, ⟨ν, St⟩ ∈ [−1/2, 1/2] almost surely. Further, we have

⟨ν, Vtν⟩ =
t∑

s=1

⟨ν, (Xs − µ̂s−1)(Xs − µ̂s−1)
⊤ν⟩

=
t∑

s=1

⟨ν,Xs − µ̂s−1⟩2

=
t∑

s=1

(⟨ν,Xs⟩ − ⟨ν, µ̂s−1⟩)2.

Thus, Lemma B.2 implies that (⟨ν, St⟩, ⟨ν, Vtν⟩)t≥0 is sub-ψE,1, so the first claim follows. The
second claim follows from Theorem 4.1. Finally, for any λ ∈ [0, 1),

ψE,1(λ) = − log(1− λ)− λ ≤ λ2

2(1− λ)
=: ψG,1(c),
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so (St, Vt)t≥0 is sub-ψG,1 also. Noting that

(ψ∗
G,1)

−1(u) =
√
2u+ u

yields the final claim. Proofs of these two facts surrounding ψE,1 and ψG,1 can be found in
Boucheron et al. [11]. ■

C Proofs of Technical Lemmas

In this section, we provides proofs for the technical lemmas used in proving the main results
of this paper. We start by proving Lemma 7.1, which is used in the proof of Theorem 4.1.

Proof of Lemma 7.1. Let ν ∈ Sd−1 be arbitrary and let ω ∈ Sd−1 be the unique vector
satisfying (7). By the definition of ω and πT , we have

∥ν − πT (ν)∥ =

∥∥∥∥ T 1/2ω

∥T 1/2ω∥
− T 1/2π(ω)

∥T 1/2π(ω)∥

∥∥∥∥
≤ max

{∥∥∥∥ T 1/2ω

∥T 1/2ω∥
− T 1/2π(ω)

∥T 1/2ω∥

∥∥∥∥ ,∥∥∥∥ T 1/2ω

∥T 1/2π(ω)∥
− T 1/2π(ω)

∥T 1/2π(ω)∥

∥∥∥∥}
≤ γmax(T

1/2)

∥T 1/2ω∥ ∧ ∥T 1/2π(ω)∥
∥ω − π(ω)∥ ≤

√
κϵ.

Above, the second inequality follows from pulling out the denominator in each term of the
maximum and bounding ∥T 1/2(ω − π(ω))∥ ≤ γmax(T

1/2)∥ω − π(ω)∥ and the last inequality
follows as ∥T 1/2ω∥∧∥T 1/2π(ω)∥ ≥ γmin(T

1/2), and ∥ω−π(ω)∥ ≤ ϵ by definition of projection
onto a cover. The first inequality follows from a simple calculation. To elaborate, assume
∥T 1/2ω∥ ≠ ∥T 1/2π(ω)∥, as in the case of equality there is nothing to prove in the inequality.
Notice that if ∥T 1/2ω∥ < ∥T 1/2π(ω)∥, then q := T 1/2ω/∥T 1/2ω∥ lies on the surface of the
unit ball, and p := T 1/2π(ω)/∥T 1/2ω∥ lies outside of the unit ball (i.e. has norm greater than
1). The projection of p onto the unit ball is exactly T 1/2π(ω)/∥T 1/2π(ω)∥, which is closer to
q than p since projections onto convex sets decrease Euclidean distance to all points. The
maximum above comes from handling the case ∥T 1/2ω∥ > ∥T 1/2π(ω)∥, which is analogous.
This shows the desired result. ■

We now prove Lemma 4.2, which is leveraged in the proof of Corollary 4.6 and Corol-
lary 4.3.

Proof of Lemma 4.2. We start by providing an upper bound on the proper ϵ-covering number
for Sd−1

∞ := {x ∈ Rd : ∥x∥∞ := maxj∈[d] |xj| = 1}. Note that we can write

Sd−1
∞ =

d⋃
i=1

F+
i ∪ F−

i ,

where F+
i := {x ∈ Rd : xi = 1, ∥x−i∥∞ ≤ 1} and F−

i := {x ∈ Rd : xi = −1, ∥x−i∥∞ ≤ 1},
where x−i ∈ Rd−1 is the vector x with the ith component omitted. For any i ∈ [d], s ∈
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{+,−}, there is a natural isometry between F s
i and the (d− 1)-dimensional ℓ∞ ball defined

as B∞
d−1 := {x ∈ Rd−1 : ∥x∥∞ ≤ 1} given by x ∈ Rd 7→ x−i ∈ Rd−1. In particular, this implies

the proper ϵ-covering number of F s
i under the ℓ2-norm is bounded as

N (F s
i , ϵ, ∥ · ∥) = N

(
B∞
d−1, ϵ, ∥ · ∥

)
≤

Vold−1(B∞
d−1)

Vold−1(Bd−1)

(
3

ϵ

)d−1

,

where the last inequality follows from Lemma 5.7 of Wainwright [57]. From this, we see that
we have the bound

N
(
Sd−1
∞ , ϵ, ∥ · ∥

)
≤ 2d

Vold−1(B∞
d−1)

Vold−1(Bd−1)

(
3

ϵ

)d−1

= Cd

(
3

ϵ

)d−1

,

where we have summed over the 2d different (d − 1)-dimensional faces F+
1 , F

−
1 , . . . , F

+
d , F

−
d

and defined the constant Cd := 2d
Vold−1(B∞

d−1)

Vold−1(Bd−1)
.

Let K now denote a minimal proper ϵ-covering of Sd−1
∞ , and let π : Sd−1

∞ → K denote
the projection onto the covering. Further, let p : Rd → Bd denote the ℓ2 projection onto the
unit ball. We claim that the set K ′ := {p(x) : x ∈ K} is a proper ϵ-covering of Sd−1 under
the ℓ2 norm. The fact that p(x) ∈ Sd−1 is immediate. Next, note that for any y ∈ Sd−1,
there is some x ∈ Sd−1

∞ such that p(x) = y. Observe that z := p(π(x)) ∈ K ′. Since p is an ℓ2
projection, we know that

∥y − z∥ = ∥p(x)− p(π(x))∥ ≤ ∥x− π(x)∥ ≤ ϵ,

so we have shown that K ′ is a proper ϵ-covering.
■
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D Figures

(a) α = 1.01 (b) α = 1.05

(c) α = 1.25 (d) α = 1.5

Figure 1: Comparing the boundary of Theorem 3.1 in the case ψ = ψP,c with the boundary of
Theorem 1 in Howard et al. [32], recapped in (1). Note that to apply the boundary of Howard
et al. [32], we need to leverage the fact that a sub-ψP,c process (St)t≥0 is also sub-ψG,c with
the same variance proxy (Vt)t≥0. We have made the parameter selection c = 1, δ = 0.01,
ρ = 1, and h(k) = (1 + k)2ζ(2), and have correspondingly varied α over several values.
We see that for reasonably small choices of intrinsic time spacing α > 1, our boundary is
tighter than that of Howard et al. [32]. Thus, we see that although a sub-ψP,c process can be
viewed as a sub-ψG,c process, this conversion introduces looseness, making our time-uniform
concentration result generally preferable in this setting.
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(a) α = 1.01 (b) α = 1.05

(c) α = 1.25 (d) α = 1.5

Figure 2: Comparing the boundary of Theorem 3.1 in the case ψ = ψG,c with the boundary
of Howard et al. [32] (presented in Equation 1). We have made the parameter selection
c = 1, δ = 0.01, ρ = 1, and h(k) = (1 + k)2ζ(2), and have correspondingly varied α over
several values. As expected from our discussion, our boundary is looser than that of Howard
et al. [32] for all values of α, with the gap between the boundaries vanishing as the geometric
spacing α of variance/intrinsic time is decreased towards 1. Since α = 1.01 or α = 1.05
are reasonable choices for applying our concentration inequalities, our bounds are just as
applicable as those of Howard et al. [32] even in the sub-Gamma setting.
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(a) Fact 5.8 vs. Corollary 5.7 without union bound (b) Fact 5.8 vs. Corollary 5.7 with union bound

Figure 3: A comparison of the bounds on |ât− a| provided by Fact 5.8 and Corollary 5.7. In
plotting both bounds, we have fixed the failure probability as δ = 0.01. We have numerically
solved for x such that the right hand side of Fact 5.8 is equal to the target failure probability.
When applying Corollary 5.7, we have set α = 1.5, h(k) = (1+ k)2ζ(2), ρ = 1, and note that
dependence on ϵ and β can be removed in the univariate case. In Subfigure 3(a), we plot
Fact 5.8 point-wise (i.e. we set the failure probability to be δ for each sample size t), and
in Subfigure 3(b), we take a union bound over samples, setting the failure probability to be
6δ
t2π2 for each t.
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